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PROBABILITY THEORY AND THE LEBESGUE INTEGRAL 

TRUMAN BOTTS, Conference Board of the Mathematical Sciences 

1. Random phenomena. Probability theory is the study of mathematical 
models for random phenomena. A random phenomenon is an empirical phe- 
nomenon whose observation under given circumstances leads to various different 
outcomes. When a coin is tossed, either heads or tails comes up; but on a given 
toss we can't predict which. When a die is tossed, one of the six numbered faces 
comes up; but again we can't predict which. In such simple random phenomena 
the various possible outcomes appear to occur with what is called "statistical 
regularity". This means that the relative frequencies of occurrence of the various 
possible outcomes appear to approach definite limiting values as the number of 
independent trials of the phenomenon increases indefinitely. 

If we are trying to set up an abstract mathematical model for a random 
phenomenon, one of the features of the model should surely be a set E whose ele- 
ments correspond to the various possible outcomes of this random phenomenon. 
For the case of tossing a coin this basic set might be the two-element set 

E= {X, T}. 

For the toss of a die it might be the six-element set 

(1.1) E = {1, 2, 3, 4, 5, 6}. 

In the case of tossing a die we might also be interested in other "events", for in- 
stance, the event that an odd number comes up, or the event that the number 
which comes up is greater than 2, etc. We see that such events correspond, in 
our mathematical model, to subsets of the basic set E. In tossing a die, the event 
that an odd number comes up corresponds to the subset 

{1, 3, 5} 

of the set (1.1). The event that the number which comes up is greater than 2 cor- 
responds to the subset 

{3, 4, 5, 6}, 

and so forth. 
The basic set E is not always finite. For instance, consider the random 

phenomenon of repeatedly tossing a coin until the first time heads comes up. 
Here the basic set E might be taken to be 

E= {H, TH, TTH, TTTH, ** 

or we might simply take E to be the set 

E= {1, 2, 3, . } 

of natural numbers, each natural number n corresponding to the outcome that 
n tosses are required. 

Sometimes the basic set is not even countable. For example, consider the 
random phenomenon of spinning a pointer on a dial and, when it comes to rest, 

105 
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106 MATHEMATICS MAGAZINE [May-June 

measuring-in radians, say-the angle 0 it makes with some reference direction. 
Here it would be natural to take the basic set in our mathematical model to be 

E fO: 0 ? 0 < 27r} = [0, 27r). 

This is well knowrn to be an uncountably infinite set. 

2. Probability. Let us return to the simple example of tossing a coin. We said 
that in repeated tosses of a coin the relative frequency of heads (i.e., the number 
of times heads comes up divided by the number of tosses) appears to approach 
some definite limit p as the number of tosses increases indefinitely. We assign this 
number to the element H of the basic set E = { H, T } and call it the probability 
of the outcome heads. When we choose p-(2), we say our mathematical model 
is for the random phenomenon of tossing a fair coin. When we choose p H(t2) 
we say our model corresponds to tossing a biased coin. In any case, though, we 
choose 0 <p< 1 (for otherwise p could not be a limit of relative frequencies). 
Since the relative frequencies of heads and tails always have sum 1, we see that 
we would then wish to assign to T, representing the outcome tails, a probability q 
such that p +q=1. 

In general, for a random phenomenon with n outcomes we would use a basic 
set 

E {xi, ., 

of n elements, assigning to each element xi a probability pi such that 0 - pi ?1 
and 

p + *+ pn=1. 

And when the basic set E has a countable infinity of elements x1, x2, 
x", * *swe assign to each xi a probability pi such that O? pi< 1 and 

P ? + P2 + ? * *+ Pn + 

in the sense of the sum of an infinite series. 
Whenever E has a countable (i.e., finite or countably infinite) number of 

elements xi ,with respective probabilities pi, we can assign to every event, i.e., 
to every subset A of E, a probability 

P(A) E pi. 
xiEA 

That is, to get the probability of event A, we just add up the probabilities as- 
signed to the various points of A. It is not hard to show that the resulting func- 
tion P, defined on the class of all events (i.e., all subsets of E), has the following 
properties. 

(1) For every event A, 0 <P(A) (i.e., P is nonnegative). 
(2.1) (2) P(E)=1. 

(3) If A1, A2, is a sequence, finite or infinite, of mutually exclusive 
events, then P(A1kJA2U . . )=P(A1)+P(A2)+ * * (i.e., P is 
countably additive). 
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1969] PROBABILITY THEORY AND THE LEBESGUE INTEGRAL 107 

The development of probability theory has shown that properties (2.1) are just 
the ones we need for a probability function in general. 

3. The uncountably infinite case. Now how do we assign probabilities to 
events when the basic set E is uncountably infinite? Let us return to the example 
of spinning a pointer on a dial, where E = [0, 2Xr). Here, thinking of the case of a 
"fair" pointer, it is natural to begin by assigning to each interval I in this set a 
probability proportional to its length: 

length of I 
(3.1) P (I)= 

2ir 

Then 

2r 
P(E) 2 = 1. 

2gr 

But this only takes care of the intervals in E. What about any given subset 
A of E? It is natural to wish to consider the probability that the angle at which 
the pointer comes to rest will lie in such a set A. So the question now is: can we 
extend the domain of P to the class of all subsets of E= [0, 2-7r), and in such a 
way that the essential requirements (2.1) for a probability function are satis- 
fied? This is a very hard question, and unpleasantly enough, the answer turns 
out to be "No!" At least this is what can be proved if we permit the use of certain 
rather fancy tools of mathematical proof, called the axiom of choice and the 
continuum hypothesis. (If we don't permit use of the continuum hypothesis, 
the answer is as yet unknown!) 

Our question becomes less difficult if we require in addition that the function 
P be "translation-invariant". This means that we require P(A) =P(B) when- 
ever the subsets A and B of E = [0, 2r) are "rotations of each other", thought of 
as sets on the unit circle. This simpler question brings us to our first contact with 
the theory of measure and integration devised by the French mathematician 
Henri Lebesgue in the first years of this century. In effect, Lebesgue was able to 
answer this simpler question "No" without using the continuum hypothesis 
(though he still had to use the axiom of choice!). 

We shall have to accept, then, that we can't assign probabilities to all the sub- 
sets of E = [0, 2r), if we require properties (2.1) and (3.1) to hold. Well, what 
more modest class 8 of subsets of E, containing all the intervals of E, could we 
make do with? It would seem reasonable to require of any such class 8 that 

(3.2) Whenever A belongs to 8, then so does E-A. 

For our pointer-spinning example this just says that if we can consider the event 
that the pointer-angle does land in set A, then we certainly ought to be able to 
consider the event that it doesn't! Thinking of the countable additivity require- 
ment in (2.1), it also seems reasonable to demand that 

(3.3) Whenever A1, A2, . is a (finite or infinite) sequence of sets belonging 
to 8, then also A,UA2} . . . belongs to S. 
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Mathematicians have a name (in fact, several names!) for any nonempty class 
8 of subsets of a set E satisfying conditions (3.2) and (3.3). We call such a class a 
a-field (or Borel field or a-algebra) of subsets of E. 

It was Lebesgue's theory of measure and integration that showed that P 
could be extended, so as to satisfy the requirements (2.1) and (3.1) and transla- 
tion-invariance, from the class of intervals in E = [0, 27r) to a a-field of subsets of 
E, called the Lebesgue measurable sets of E. In the succeeding years this has led 
to a concept which lies at the foundation of modern probability theory, the con- 
cept of a probability space. A probability space is a triple (E, 8, P) consisting of a 
set E (of "outcomes"), a a-field 8 of subsets of E (the "events"), and a function 
P defined on 8 and having properties (2.1) (a "probability function"). We shall 
return to this concept after we have discussed certain ideas of integration, to 
which we now turn. 

4. The Riemann integral. The integral of elementary calculus is sometimes 
called the Riemann integral, after the 19th century German mathematician who 
gave this integral a careful formulation. In order to compare it with the Lebes- 
gue integral, let us recall briefly how it is defined. 

If f is a bounded real-valued function on some interval [a, b], then f is of 
course bounded, above and below, on every subset E of [a, b]. It follows from a 
basic property of the real numbers thatf then has a least upper bound 

lub f(x) 
xGE 

on E and a greatest lower bound 
glb f(x) 
z E 

on E. Corresponding to any partition X of [a, b] into pairwise-disjoint intervals 
A1, . . ., I,n we may form-denoting the length of an interval I by L(I)-an 
"upper sum" 

n 

S(f; X) = ,(lub f(x)) L(Ik) 
k=1 xErIk 

and a "lower sum" 
n 

s(f; X) = (glb f(x)) L(Ik) 
k=l xEIk 

It is easy to argue that as X ranges over all suLch partitions of [a, b] these 
upper sums form a collection of numbers having a lower bound and hence a 
greatest lower bound, which we define to be the upper Riemann integral 

rb 
1lbS(f;X) = (fabf(R )dx 

of f over [a, b]. Similarly the lower sums form a collection having an upper 
bound and hence a least upper bound, which we define to be the lower Riemann 
integral 
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rto 
lItb s(f; X) = a faf(x)dx 

off over [a, b]. It is not hard to show that 

rb rb 
61 f(x) d < (Rl f(x)dx. 

When equality holds, we say thatf is Riemann-integrable over [a, b] and call this 
common value the Riemann integral 

(R f(x)dx 
fa 

of f over [a, b]. (Here the "R" for Riemann is just part of the integration sign.) 

5. The Lebesgue integral. The Lebesgue integral of a bounded function f 
over [a, b] may be defined in precisely the same manner as the Riemann integral, 
the only difference being that partitions of [a, b] into intervals are replaced by 
partitions of [a, b] into Lebesgue measurable sets. 

Just as in the case of the particular interval [0, 2ir) already discussed earlier, 
Lebesgue's theory yields a a-field of subsets of [a, b] containing all subintervals 
of [a, b] and called the Lebesgue measurable sets of [a, b]. This theory also yields 
a function L on this a-field called Lebesgue measure. Like the probability func- 
tion P already discussed, L is nonnegative and countably additive (and transla- 
tion-invariant); and where P reduces to relative length for subintervals, L reduces 
to actual length; that is, for each subinterval I of [a, b], L(I) =length of I. 

Now, corresponding to any partition ,u of [a, b] into pairwise-disjoint Lebes- 
gue measurable sets E1, , En, we form an upper sum 

n 
S(f; ,) = E (lub f(x)) L(Ek) 

k=1 x2Ek 

and a lower sum n 
s(f; ,) = E (glb f(x)) *L(Ek). 

k=1 x El 

As before, it is easy to argue that as , ranges over all such partitions of [a, b], 
these upper sums form a collection of numbers having a greatest lower bound, 
which we define to be the upper Lebesgue integral of f over [a, b]: 

r b 
glb S(f; ,u) f(x)dx. isa 

Analogously we define the lower Lebesgue integral of f over [a, b] to be 

rb 
lub s(f; ,) jf(x)dx. 

A a 

As in the case of the Riemann integral, we have ?f"af(x)dx ??j'af(x)dx. When 
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equality holds we say thatf is Lebesgue integrable over [a, b] and that this com- 
mon value is the Lebesgue integral 

f b 

S f (x)dx 
a 

of f over [a, b]. 
One thing we can notice at once. Since every partition of [a, b I into intervals 

is also a partition of [a, b] into Lebesgue measurable sets, we see that 

fb b b f b . 

(Pt f(x) dx c!! s f(x) dx <5 Z f(x) dx <!:- a f(x)dx.s 

It follows that wheneverf is Riemann integrable over [a, b], thenf is also Lebes- 
gue integrable over [a, b ], and GRfif(x) dx = ?f f(x) dx. Very simple examples 
show, though, that there are bounded functionsf which are Lebesgue integrable 
over [a, b] but not Riemann integrable over [a, b]. Thus the first advantage of 
the Lebesgue integral over the Riemann one is that it integrates more functions. 

6. The Lebesgue integral in probability theory. The Lebesgue integral can 
be extended in a natural way to unbounded functions on unbounded domains. 
We shall indicate briefly how this extension of the Lebesgue integral is accom- 
plished for the case of nonnegative functions only. These are of especial interest in 
probability theory. 

First, there are Lebesgue measurable sets for the entire real line. These form 
a a-field containing all the finite intervals. On this a-field there is defined a Lebes- 
gue measure. It has the properties that might be expected: that is, it is nonnega- 
tive, it is countably additive, it reduces to length for finite intervals, and it is 
translation-invariant. In fact, for every finite interval [a, b] it reduces to the 
Lebesgue measure on the Lebesgue measurable subsets of [a, b] already dis- 
cussed above. (But of course it is no longer everywhere finite: it is easily seen that 
it couldn't be, since it reduces to length for intervals and is countably additive!) A 
not-necessarily-bounded fuLnction f on the real line is called measurable if for 
every real number c the set { x:f(x) ? c } is a Lebesgue measurable set. 

When a measurable function f on the real line is nonnegative, we define its 
Lebesgue integral 

(6.1) ? f(xr)dx 

(finite or infinite) over the wlhole real line to be the least upper bound of integrals 
2f, h(x) dx as [a, b ] ranges over all finite intervals and h ranges over all bounded 
Lebesgue integrable functions on [a, b] for which h(x) <f(x) on [a, b]. When the 
integral (6.1) is finite, we say f is Lebesgue integrable over the real line. 

We are now in position to indicate briefly a place in probability theory where 
the Lebesgue integral is a natural tool, but where the Riemann integral is in- 
adequate. There are numerical-valued random phenomena for which it is natural 
to take the set of outcomes to be the real line, and the events to be the sets of a 
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a-field 8 containing all the intervals and consisting entirely of Lebesgue measur- 
able sets. To assign a probability to each of these events we can sometimes use a 
so-called probability density function f, that is, a nonnegative function whose in- 
tegral over the whole real line exists and is 1: f -'.f (x) dx = 1. (One very important 
such function is the so-called normal density function f(x) = (t/V27r)e-x212.) 

Using such a density functionf we may try to define the probability P(E) for 
each set E in the a-field 8 by setting 

.00 

(6.2) P(E) f(x)KE(x)dx ff(x)dx, 

where 

I1 if x C E 
KE(X) = 

0O if x (-E, 

termed the characteristic function (or indicator function) of E. It turns out that 
the sets E for which (6.2) exists as a Lebesgue integral always include all Lebes- 
gue measurable sets and hence all sets of the u-field 8 and that the resulting func- 
tion P has the desired properties (2.1). But in general the sets E for which (6.2) 
exists as an (improper) Riemann integral don't form a u-field or contain an 
adequate u-field, at all. 

As an indispensable setting and tool for probability, modern ideas of measure 
and integration really come into their own in the use of multi-dimensional mea- 
sures and integrals to treat many related or independent random phenomena 
together. But this is a more complicated story and one we cannot go into here. 

Suggestions for Further Reading 
On probability as measure theory: 

P. R. Halmos, The foundations of probability, Amer. Math. Monthly, 51 (1944) 493-510. 
- Measure Theory, Van Nostrand, Princeton, 1950, especially the "Heuristic Intro- 

duction" to Chapter IX. 
On elementary modern accounts of the Lebesgue integral: 

R. R. Goldberg, Methods of Real Analysis, Blaisdell, New York, 1964. 
Edgar Asplund and Lutz Bungart, A first course in integration, Holt, Rinehart and Winston, 

New York, 1966. 

PERFECT SQUARES OF THE FORM (m2-1)an+t 
MURRAY S. KLAMKIN, Scien-tific Laboratory, Ford Motor Company, Dearborn, Michigan 

In M\'athemnatical Note 3165, [1] Hale has shown that the sequence { an }, 
n=0, 1, 2, -, where 

(1) an+1 = 7a. + VT48a + 1, ae = O 
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 has the property that 48a,+1 is always a perfect square. In this note, we geni-
 eralize the result as well as give an explicit solution for the difference equation

 (1).
 Proceeding in a way essentially similar to Hale, we look for sequences of the

 type

 (2) an+i = ra, +-Isa 2n I
 such that

 (3) san + t I {m(ran + VIsan + t) + Xan}I
 for all an. On substituting (2) into (3), expanding out, and equating like functions
 of an, we obtain the following equations for the constants, r1 s, m, and X:

 (s - m2)(r2 + s) = 2mXr + X2, 2r(s - m2) = 2mX, and m2 - s = 1.

 The solution to this set of three equations is given by

 r = +m, X = + 1, s = m2 - 1.

 All we need now is to insure that sa2+t is a perfect square. This is achieved by
 setting t=p2 -sa2. It now follows that the sequence {an} where

 (4) an1 = rnan + \/(m2 - (a a) + p2

 (n=O, 1, 2, , m, p, aO arbitrary integers) has the property that (m2-1)
 (aa2 _a) +p2 is a perfect square for all n. Hale's example corresponds to the spe-
 cial case m = 7, p = i, aO = O.

 To obtain an explicit solution of (1), we relate it to Pell's equation. First

 note that by rationalizing (1), we obtain the symmetric equation a+l -14an+1
 an+a2 = 1 which can be rewritten as \/48a 2+1+ 1 = 7an+I-an. Thus (1) can now
 be expressed as the following equivalent 2nd order linear difference equation:

 (5) an+1 = 7an + (7an - an-1) = 14an- an-l.

 We now employ the following theorem relating to Pell's equation (see [2],

 pp.195-212):

 If D is a natural number which is not a perfect square, then the Diophantine

 equation x2 =Dy2+ 1 has infinitely many solutions (Xn, Yn). All the solutions with
 positive xn, yn, are obtained from the formula

 (6) Xn + YnV/D = (Xl + y1V\/D)'

 where (xi, yi) denotes the fundamental solution and which is (m, 1) for D = m2-1.

 From (6), we have for m = 7

 Xn+1 + Yn+1V/48 = (Xn + yn\/48) (7 + \/48)

 or

 (7) Xn+1= 7Xn + 48Yn,

 (8) Yn+1 = X* + 7yn.
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 1969] A DIFFERENT TECHNIQUE FOR THE EVALUATION OF f sec OdO 113

 Substituting for xn as given in (8) into (7), we obtain the same difference equa-
 tion as (5). Consequently, an =yn. Expanding out (6), we finally obtain

 (9) an (E n(n )-2k+l.48k-1

 Another way of obtaining (9) and which also leads to the solution of (1) and

 (4) for arbitrary ao is to note that (2) and (3) imply (as in the derivation of (5))
 that

 (10) an+1 = 2man- an-1

 where a,=mao+p. Equation (10) is now solved in the standard way. (See [3],
 Chapter 3.) $ince the roots of x2 = 2mx-1 are m ? Vm2-1, we obtain an
 =A(m+V/m2-1)n+B(m-V/m2-1)". The constants A and B are determined
 from

 ao = A + B and mao + p =A(m + V/M 2-1) + B(m-V\M2 _1).

 Finally,

 an= - {(m + Vn2 -1)n + (m -V/M2 - J)n}
 2

 + 2p- 1 { (m + Vm2 - 1) - (m - Vm2 n)f}

 Added in proof. An easier way would be to require that equation (2) after

 being rationalized is symmetric in an and an+1.

 References

 1. D. S. Hale, Math Note 3165, Math. Gaz., October (1966) 307.
 2. Trygve Nagell, Introduction to Number Theory, Almquist and Wiksell, Uppsala, Sweden,

 1951.

 3. Samuel Goldberg, Introduction to Difference Equations, Wiley, New York, 1961.

 A DIFFERENT TECHNIQUE FOR THE EVALUATION OF f sec OdO

 CLIFTON T. WHYBURN, Louisiana State University, now at Eastern Carolina University

 Consider f cos 6d6/(I +sin 0) =f cos 6(1 -sin 0) dO/(1 -sin2 0) =f sec OdO
 -f sin 6d6/cos 0= fsec 6d6+ln cos 0+ C1. But, of course, f cos 6d6/(I+sin 0)
 =ln(l+sin O)+ C2, so, equating, we have:

 f sec idO = ln(sec 0 + tan 0) + C3.

 A similar technique works for f csc Md@.

This content downloaded from 137.195.101.233 on Sun, 19 Jun 2016 11:22:26 UTC
All use subject to http://about.jstor.org/terms



SOLUTION OF AN EQUATION IN A LINEAR ALGEBRA 
BY MEANS OF THE MINIMAL POLYNOMIAL 

JOHN C. KIEFFER, University of Illinois and F. MAX STEIN, 
Colorado State University 

1. Introduction. If q(x) is a polynomial with complex coefficients, we at- 
tempt to determine polynomials p(x) such that 

(1) q(p(A)) = A, 

where A is an element (e.g., a matrix) which generates a finite dimensional 
linear algebra C [A] over the complex number field C. To do this we shall need 
certain ideas and results from linear algebra; these are presented in Section 2. 
In succeeding sections the main results of the paper are derived which lead to the 
principal theorem of the paper. In the final section a corollary is presented 
which answers the question that originally prompted this study: How can all 
kth roots of a matrix which are expressible as polynomials in the matrix be 
determined? 

2. Results from linear algebra. Let C[A] denote an algebra generated by 
an element A over the complex number field C; designate the additive identity 
and multiplicative identity of C [A] by 0 and I respectively. Then it is easy to 
see that 

C[A] = {col + c1A + * A+ cnAn; ci E C, (i = 0, 1, . . ., n), n = 1, 2, * * . 

If the dimension of the linear algebra is mn, every element p(A) of C[A ] is a poly- 
nomial in A and can be represented uniquely as a linear combiniation of the basis 
elements {I, A, A 2, . . . , Am-l }I. Namely, since the dimension of the linear alge- 
bra is finite, it follows that there is a unique monic polynomial m(x) of lowest de- 
gree such that m(A) =0. This polynomial of degree m in x, 

(2) m(x) - xm + crnlxm-l + * . . + cix + CO, 

is called the mtinimal polynomial of A; it is such that 

(3) m(A) = Am + cm_ Am-1 + * + ciA + col 0. 

Thus Am and all higher powers of A are linear combinations of At-1, Anz2, 2 

A, 1. It follows that every element of C[A ] is a polynomial in A of degree less 
than m. 

We shall need the following lemmas in our later work. 

LEMMA 1. If p(x) and r(x) are polynomials in x, then 

(4) p(A) = r(A) 

if and only if 

(5) p(x) r(x) mod m(x), 

where m(x) is the minimal polynomial of A. 

The proof of this lemma is straightforward and is omitted. 

114 
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Since m(x) is a monic polynomial it can be factored as 

(6) m(x) = TI (x-xi)mi, 

where the xi are the zeros of m(x) and mi is the multiplicity of the factor x-xi. 
Note that D=1 mi=m. 

If D-n(x) denotes the nth derivative of the polynomial +(x) with respect to 
the variable x, and if D04(x) =4(x), then the following lemma holds; the proof 
is not difficult and is therefore omitted. 

LEMMA 2. If p(x) and q(x) are polynomials in x, then 

(7a) p(x) =q(x) mod m(x) 

if and only if 
(7b) Dnp(x,) = Dnq(xi) 

for n=0, 1, , mi-1 and i=1, 2, . . *, s, where m(x) is the monic polynomial 
given in (6). 

We observe that our problem as stated in the introduction: to find all ele- 
ments p(A) in C[A ] such that 

(8) q(p (A)) A, 

is equivalent to finding all polynomials p(x) of degree less than m such that 

(9) q(p(x)) x mod m(x). 

We note that we need be concerned only with solutions of (9) of degree less than 
m since any solution p*(x) of (9) of degree greater than or equal to m is congru- 
ent modulo m(x) to another solution p(x) of degree less than m, and 

(10) p*(x) p(x) mod m(x) implies that p*(A) = p(A) 

by Lemma 1. 

3. Derivation of the principal result. We now consider two sets S and G. Let 
S be the set of all polynomials p(A) that satisfy (8), and let G be the set of all 
polynomials in x of the form 

8 

(11) TI (x- wi)mi 

where 

(Ila) wi is any zero of q(x) -xi if xi is a simple zero of m(x), and 
(Ilb) wi is any simple zero of q(x) -xi if xi is a multiple zero of m(x). 

To arrive at our principal result we shall show that there is a one-to-one corre- 
spondence between the elements of the sets S and G. Explicitly, any p(A) in S 
has a minimal polynomial g(x) in G, and for any g(x) in G there is a unique poly- 
nomial p(A) in S whose minimal polynomial is g(x). 
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If p(A) is an element of S, we shall show that the minimual polynomial g(x) 
of p(A) is in G; i.e., the minimal polynomial of p(A) is of the form (11) with 
(lla) and (llb) holding. Since x-xi divides p(x)-p(xj), tlhen m(x), the 
minimal polynomial of A, divides 

(12) I [p(x) -p(xi) l 

that is, 

(13) I [p(x) - p(x0i)]Ini =imodrn(x). 

But by Lemma 1 we see that (13) implies that 

(14) I [p(A) - p(Xi)I]mi = 0. 

Since g(x) is the minimal polynomial of p(A), then from (14) we hlave that 

(15) II [x-p(xi) ]mi ==mod g(x), 
i=l 

or, equivalently, that g(x) dividesHil1 [x-p(xi) ],ni. From (15) we can conclude 
that 

(16) degree g(x) ? m. 

Now A is an element of C[p(A)] since A =q(p(A)). Therefore C[A] is a sub- 
set of C[p(A)] and hence 

(17) dimension C[AJ = m < dimension C[p(A)] = degree g(x). 

From (16) and (17) we conclude that 

(18) degreeg(x) =m; 

therefore 

(19) g(x) = I [x - p(Xi)]mn. 
i=l 

By the assumption that p(A) is in S, i.e., that q(p(A)) =A, we conclude from 
(9) and the case n=0 in Lemma 2 that 

(20) q(p(xi)) = x, 

if xi is any zero of m(x), that is, p(xi) =wi, where wi is some zero of q(x) -xi. 
Therefore, in the particular case when xi is a simple zero of m(x), we see that 
(lla) holds. 

If xi is a multiple zero of m(x), then by applying Lemma 2 for the case 
n = 1 we conclude that 
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(21) D(q(p(x))) = 1 at x = xi. 

Upon expanding the left side of (21) we get q'(p(x))p'(x) = 1 at x =xi, or 

(22) q'(wj)p'(x,) = 1. 

Now w, cannot be a multiple zero of q(x) -xi, otherwise the derivative of 
q(x) -xi, which is q'(x), would be zero at x =wi. Thus in (22) we would have 0 = 1, 
an obvious contradiction. Hence wi is a simple zero of q(x) -xi when xi is a multi- 
ple zero of m(x), (llb). Therefore, from (19), (20), and (22) and the definition 
of the set G, g(x) is an element of G. 

From the assumption that p(A) is in S, we have that q(p(A)) =A, and there- 
fore that 

(23) p(q(p(A))) = p(A). 

Then from (23) and Lemnmia 1 we conclude that 

(24) p(q(x)) = xmodg(x), 

where g(x) is the minimal polynomial of p(A). 
We next wish to show that for any g(x) in G there is a unique polynomial 

p(A) in S whose minimal polynomial is g(x). To outline our steps we observe first 
that if p(A) in S has g(x) as its minimal polynomial, then (24) holds. Thus for 
an arbitrary element g(x) of G we determine that there is a unique polynomial 
p(x) of degree less than m that satisfies (24). We then show that the correspond- 
ing polynomial in A, p(A), is in S and has g(x) as a minimal polynomial. Thus 
p(A) is the unique element in S whose minimal polynomial is g(x). 

We proceed to show that for each polynomial g(x) in G (of the form (11)) 
there is exactly one polynomial p(x) of degree less than m which is a solution to 
(24). Applying Lemma 2 to (24) we can get the m equations 

(25) Dnp(q(x)) = Dnx at x= w= , 

for n=0, 1, * * *, m,-1 and i=1, 2, * * *, s. Since the polynomial p(x) is sup- 
posed to be of degree less than m, it can be considered to have exactly m unde- 
termined coefficients. From (25) we obtain m linear equations in the m unknown 
coefficients of p(x) from which we obtain a unique solution if the determinant 
of the matrix of coefficients of the unknowns is not zero. From these equations 
we thus obtain the desired unique polynomial p(x), provided we show that this 
determinant is not zero. 

If the determinant of the matrix of coefficients of the system of equations in 
(25) were zero, there would be a nontrivial solution to the system of homogeneous 
equations obtained by replacing the constants on the right side of each equation 
in (25) by zero. That is, in this case there would be a nonzero polynomial, say 
h(x), of degree less than m such that 

(26) Dnh(q(x)) = 0 at x= w;, 

for n = 0, 1, * * , m;-1 and i = 1, 2, * , s. For the case n = 0 we observe that 

(27) h(x;)=O, i =1,2, * . ,s) 
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using the fact that q(wi) =xi from (lla) and (llb). 
For multiple zeros of m(x) (i.e., when m > 1 in (26)) the polynomial h(q(x)) 

mtust be differentiated mi- 1 times. By repeated application of the chain rule for 
differentiation we get, after letting y =q(x) for simplicity in notation, 

(28) Dnh(y) = hI(n)(y)fn + h(n-l)(y)fn1 * + ? h' (y)fi, 

wherefn = (q'(x))n. According to (26) the right member of (28) equals zero if we 
let x = wi, and when n = 1 we get 

(29) Iz'(xj)q'(wi) = 0, 

since q(wi) =x. Also, since q'(wi) 5O for any wi such that mi> 1 from (I Ib), 
then h'(xi) =0 in (29). Proceeding then by induction we obtain 

(30) h(n)(xi) = O- n = 1,2, * * * - 1, 

for all i for which nsi> 1. Thus, from (27) and (30), we can write 

(31) h()(x) -O,n = 0,1, * * * ,mi-1 and i = 1,2,. * . * s; 

that is, m(x) = f@=i(x-xj)nzi divides h(x). But this contradicts the fact that 
h(x) is a nonzero polynomial of degree less than m, since m(x) is of degree mn. 
Hence the determinant of the matrix of coefficients obtained from the equations 
in (25) is nonzero; this in turn implies that there is a unique solution p(x) of de- 
gree less than m to (25) for any g(x) in G. 

Next we shall show that p(A) satisfies q(p(A)) =A, and hence that p(A) is 
an element of S. 

Starting with p(q(x)) -x mod g(x) from (24) we can write 

(32) q(p(q(x))) q(x) mod g(x). 

Thus g(x) divides q(p(q(x))) -q(x). Hence, q(p(x)) -x is a polynomial such that 
when x is replaced by q(x), the result is divisible by g(x). 

Also from (6), (lla), and (llb) we can obtain 
8 8 

(33) m(q(x)) = II (q(x) - Xi))mi = II (q(x) - q(wi))mi. 
i=l i=1 

Therefore, since x-wi divides q(x) -q(wi), we have that g(x) = l[1(x-w4wi) 
divides m(q(x)). Hence m(x) also has this substitution property. 

It is easily verified that the set of all polynomials with this substitution prop- 
erty forms an ideal and so must consist of precisely all of the multiples of the 
smallest degree polynomial in the set. Thus if it can be shown that no nonzero 
polynomial of degree less than m has this substitution property, then m(x) must 
be the smallest degree polynomial in the set. Thus m(x) would divide q(p(x)) -x, 
and this would imply that q(p(A)) =A, as desired. 

Now the set of all polynomials modulo g(x) is a linear algebra of dimension 
m over C. So if there is a nonzero polynomial of degree less than m in this set 
which has the above substitution property, then the maximum number of inde- 
pendent powers of q(x) modulo g(x) is less than m. The powers of p(q(x)) are in 
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the subspace generated by the powers of q(x), and so the maximum number of 
independent powers of p(q(x)) is not greater than the maximum number of inde- 
pendent powers of q(x), and hence is less than m. But each power of p(q(x)) is 
congruent modulo g(x) to the corresponding power of x from (24). Therefore 
the maximum number of independent powers of x is less than m. But 1, x, 
xrn-l are m independent powers of x modulo g(x). Therefore we have a contra- 
diction and we conclude that (8) holds, and hence that p(A) is in S. 

Finally we show that the minimal polynomial of p(A) is g(x). We know that 
p(A) has a minimal polynomial, say g*(x), and we assume that g*(x) $g(x). 
Now g*(x) is in G since p(A) is in S, so g*(x) has the form given by (11). That is 

(34) g*(x) = II (x- wi) 
il1 

where the w* satisfy (1 I a) and (1 b). Also since g (x) is in G, then g(x) has the 
form 

8 

(35) g(X) = f (X - Wi)ms. 
*==1 

Since g*(x) 1g(x), it must be true that for some i, say i=k, wk 5wk. 
Now p(A) is in S, so p(A) satisfies (8). That is, 

(36) q (p (A)) = A. 
Then, as in (23), 

(37) p(q(p(A))) =p(A) 

and therefore, as in (24), 

(38) p(q(x)) x mod g*(x). 

But we obtained p(A) by solving (24) so that 

(39) p(q(x)) xmodg(x). 

Applying Lemma 2 for n= 0 and i = k we obtain from (38) 

(40) p (q (w*)) wk, 

and from (39) 

(41) p(q(wk)) = Wk. 

But since g*(x) and g(x) are both in G, we obtain, from (Ila) and (llb), that 

(42) q(zek) = q(wk) = Xk- 

Substituting this result into (40) and (41) we obtain a contradiction, namely 
that w* =Wk. Hence, g*(x) =g(x), and the minimal polynomial of p(A) is g(x). 

We now summarize the results of the preceding discussion in the following 
theorem. 
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THEOREM. If 
(a) C [A] is a linear algebra over the complex number field C generated by A, 
(b) the linear algebra in (a) is of dimension m, 
(c) the minimal polynomial of A is designated by m(x), 
(d) q(x) is a fixed polynomial over C, 
(e) S is the set of all polynomials p (A) that satisfy q (p (A)) =A, and 
(f) G is the set of all polynomials in x of the form (11) with (Ila) and (lIb) 

holding, then any polynomial p(A) in S has a minimal polynomial g(x) in G, and 
for any g(x) in G there is a unique polynomial p(A) in S whose minimal polyno- 
mial is g(x). 

From the theorem we observe that the two sets S and G are of the same size. 
Therefore, since G has at most a finite number of elements, there are at most a 
finite number of solutions of (8). 

We should also observe that the set G may be empty. Then there are no solu- 
tions to (8). 

4. An application to matrices. If the element A is a square matrix of order n, 
we consider the case for which the polynomial q(x) =xk, k a positive integer 
greater than one. Then (8) reduces to 

(43) q(p(A)) = (p(A))k = A. 

If (43) has solutions p(A), these solutions will be the kth roots of A that are in 
C[A]. That is, from (43) we will have the kth roots of A expressible as poly- 
nomials in A. 

For the minimal polynomial of A, 

(44) m(x) = H (x -x i 
i=l 

we form the set G, the set of all polynomials of the form 
8 

(45) I (x - Wi)m 
il1 

where, from (lla) and (llb) wi is any zero of q(x)-x,=xk-xi, except that 
wi cannot be a multiple zero of xk-xi when mi is greater than one. 

Now xk-xi has k distinct zeros, unless xj=0; in this case there is only one 
zero (namely zero itself), and that zero is of multiplicity k > 2. So if xi =0 is a 
multiple zero of m(x), there can be no possible wi, and so G is empty. 

On the other hand, if zero is not a multiple zero of m(x), G is not empty; in 
fact G has kt members, where t is the number of nonzero distinct zeros of m(x). 
Thus from m(x) we find kt members of S, the totality of solutions of (43), by 
solving 

(46) p(xk)- x mod g(x) 
for each g(x) in G. This leads us to the following corollary. 

COROLLARY. If A is a square matrix of order n, and k is an integer such that 
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k> 2, then the equation (p(A))k =A has a solution p(A) if and only if the number 
zero is not a multiple zero of m(x), the minimal polynomial of A. 

Prepared in a National Science Foundation Undergraduate Science Education Program in 
Mathematics at Colorado State University by Mr. Kieffer under the direction of Professor Stein. 

REMARKS ON THE FUNCTIONAL EQUATION 
f(x +y) = f(x) +f(y) 

EDWIN HEWITT and HERBERT S. ZUCKERMAN, University of Washington 

1. Let f be a real-valued function defined on the real line R and satisfying 
the functional equation 

(1) f (x + y) = f(x) + f(y). 
It has been known since Cauchy's time that a continuous solution of (1) has the 
form f(x) = Kx for a constant K. G. Hamel [1] constructed the discontinuous 
solutions of (1) using (as seems to be necessary) the axiom of choice. He also 
proved the following 

THEOREM. If f is a solution of (1) not of the form f(x) = Kx, then the graph of 
y =f(x) has a point in every neighborhood of every point in the plane R X R. 

It is an obvious consequence of this theorem that if f satisfies (1) and is con- 
tinuous at some point, or is bounded above or below on some interval, then 
f(x) has the form Kx. 

Hamel's proof of the theorem uses the axiom of choice and also a sophisti- 
cated approximation theorem. The use of the axiom of choice can be avoided 
but the approximation theorem is essential to his argument. We give here a very 
elementary proof of the theorem. 

First let g be any solution of 

(2) g(x + y) = g(x) + g(y). 

Since g(O) = g(O +0) = g(O) +g(O), we see that g(O) = 0. For all positive integers 
n, we have 

g(nx) = g(x) + * * + g(x) = ng(x). 

For all positive integers m and nonnegative integers n, we have 

it \ I1 n /1\ n 
g(x) =ng(I) x - mg )x =- (x). 

For all xER, we have O=g(O) =g(x-x) =g(x)+g(-x), so that g(-x) =-g(x). 
It follows that 

(3) g(rx) = rg(x) 

for all xCR and all rational numbers r. 
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Now letf be as described in the theorem. It suffices to find, for arbitrary real 
numbers a, b and positive real e, a real number xi such that 

(4) |xl-al < e 

and 

(5) |f(x) - b < e. 

Let g be the function g(x) =f(x) -f(1)x. It is plain that g satisfies (2) and that 
g (1) =0. From (3) we see that 

(6) g(r) rg(1) = 0 

for all rational r. Since f(x) is not of the form Kx, there is an xo such that f(xo) 
5f(1)xo, and hence g(xo) 50. Therefore we can find a rational number s such 
that 

b -af(1) C-__ 
(7)s< 

g(xo) 2 g(xo) I 
and then we can find a rational number t such that 

(8) Ita+ sxo I < (8) +01 ~~~~~~~~1 + 21f(1) I 
From (7) we see immediately that 

(9) Isg(xo) -b + af(l) |< 2 

and from (8) that 

(10) lsxo + t-a | < e and 2sxo + t-a | lf(1) I < 2 

Let x-=sxo+t. Inequality (4) is just part of (10). Applying (2), (3), and (6), 
we have g(xi) =g(sxo+t) =sg(xo)+g(t) =sg(xo); thus (9) can be rewritten as 

(11) lg(xi) -b + af(1) = Isg(xo)-b + af(1) < - 
2 

By our definitions we have 

g(xl) =f(xl) - x1f(l) =f(xl) - (SXO + Of('), 

so that (11) can be rewritten as 

f(xi) - b - (sxo + t - a)f(1) <- 
2 

This inequality, with (10), implies that 

(x1) -'b I < I osxo + t-a I * |f(1) I + 2 < 
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and this is exactly (5). 

2. If f is any solution of (1) and f(a) =0, it follows from (1) and (3) that 
f(x+ra) =f(x) for all rational numbers r and real numbers x. That is, f is a 
periodic function with all numbers ra as periods. In particular, the function g 
defined by g(x) =f(x) -f(1)x has every rational number as a period. 

3. We now take up a functional equation which on the surface appears very 
different from (1). Letf, g, h be real-valued functions defined on R, and consider 
the functional equation 

(12) f(x + y) = g(x) + k(y) 

We shall find all solutions of (12). 
Suppose thatf, g, h satisfy (12). Then we have 

f(x) = f(x + 0) = g(x) + h(O), and f(x) = f(O + x) = g(O) + k(x), 

so that 

(13) g(x) = f(x) + a, h(x) = f(x) + b, 

where a and b are constants. Substituting (13) in (12), we find f(x+y) =f(x) 
+f(y)+a+b, so that 

(14) f(x + y) + a + b = (f(x) + a + b) + (f(y) + a + b). 

The identity (14) means that 

(15) f(x) =(x)-a-b, 

where 

(16) 0(x + y) = +(x) + +(y). 

From (15) and (13), we have 

(17) g(x) = +(x) -b, b h(x) = +(x) - a. 

Conversely, suppose thatf, g, h are defined by (15) and (17), where 4 is any 
solution of (16) and a and b are arbitrary numbers. Then we have 

f(x + y) = +(x + y) - a-b = 4(x) -b + (y) - a = g(x) + h(y). 

That is, f, g, and h satisfy (12). 

4. It might appear that functions with the pathological property described 
in Section 1 cannot exist. They do exist in great profusion, but their construction 
depends upon the axiom of choice and is decidedly nonelementary. In addition 
to Hamel's original paper [I ], the reader may consult any of a number of text- 
books, e.g., [2], p. 49. 

References 
1. Georg Hamel, Eine Basis aller Zahlen und die unstetigen ULsungen der Funktionalgleich- 

ung:f(x+y) =f (x)+f(y), Math. Ann., 60 (1905) 459-462. 
2. Edwin Hewitt and K. R. Stromberg, Real and Abstract Analysis, Springer-Verlag, New 

York and Heidelberg, 1965. 

This content downloaded from 128.235.251.160 on Sun, 21 Dec 2014 06:45:25 AM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


AN EXTENSION OF A MEAN VALUE THEOREM 

A. M. RUSSELL, University of Melbourne, Victoria 

In [1] Flett proves that if f(x) is a function defined in an interval [a, b], and 
differentiable in that interval with f'(a) =f'(b), then there exists a point t in 
(a, b) such that 

fQ (t- f(a) /W.( 
t-a 

In [2] Lakshminarasimhan extends this result using the Dini-derivatives 
[3] of f(x). In this note we obtain an extension of the result in [2]. More pre- 
cisely, we prove the following 

THEOREM. Let f(x), g(x) be defined in [a, b] and suppose that for each function 
the four Dini-derivatives exist, are finite, and that f(x) -f(a) is of constant sign 
throughout [a, b]. Suppose further that f(x), g (x) have right-hand and left-hand 
derivatives at a and b respectively with ffr (a) * g' (b) =f ' (b) 4 g' (a). Then if the Dini- 
derivatives of g(x) are nonzero, and one is of constant sign throughout (a, b), then 
there exist 1, 42, 43, 4, 71, 772, 73, 714 between a and b sutch that one of the following 
cases occurs. 

A. Either 
(1) f+(2') <f(j) - f (a) _ f ) or 

9+(l) = g()- g(a) g-_) 

f((771) _f(771) -'f(a) f+(71) 
g-(()7 1) g(77) - g(a) g+(771) 

B. Either 
f-%2) f(2) - f(a) f+('2) 

<_< or 
g Q2) =-g(2) - g(a)=g+ Q2) 

f+(772) < f (&12) -f (a) < f(2) 

g+(772) = g( 2) - g(a) -g-(72) 

C. Either 
f(%) < f(6) - f(a) <f+(Q3) < < ~~~~~or 
g-Q3) gQ3) - g(a) -+(6) 

f+(773) < f(773) - f(a) < fr(N?) 

g+(?73) = g(773) - g(a) g_(73) 

D. Either 
f+ Q 4) fQ(4) - f(a) f_(Q4) < < or 
g+ Q4) g4) -g(a) g or4) 

f-(74) < f(4) - f(a) < f+(774) 

g-(774) g(774) -g(a) g=+(4) 

124 
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Proof. We first note that f(x), g(x) are continuous functions in [a, b]. Since 
one of the Dini-derivatives of g(x) is nonzero and of constant sign in (a, b), we 
can assume that g(x) is strictly monotonic. We shall establish Case A in which 
f(x) -f(a) is nonnegative and g(x) is strictly increasing on [a, b]. 

We consider the function p(x) defined by 

f(x) , a < x << b; p(a)= 
g(x) -g(a) 4+(a) 

The function p(x) so defined is continuous in [a, b]. 
Furthermore, p'L(b) = [g' (b)/ [g(b) -g(a) ] ] [p(a) -p(b) ]. Since g(x) is strictly 

monotonic, g' (b)/[g(b)-g(a)]>0. Consequently if p(a)<p(b), then p' (b)<O, 
so that p(x) is a decreasing function of x at x=b. Since p(x) is continuous in 
[a, b] it must therefore attain its maximum at a point 4j between a and b. Hence 

(3) 0 ? p-( ) and p+(%i) < 0. 

Further, using the nonnegativity of f(x) -f(a) and the monotonicity of g(x), we 
can show that 

(4)_______<____t) f(%) - f(a) g-(9i) 
g() - g(a) g() - g(a) g() - g(a) 

and 

(5) Pi (t ) 2 _____f+%) _f f)- f(a) g?(+i) 
g(i) - g(a) g(1) - g(a) g(1) - g(a) 

Combining (3). and (4) and dividing by g(ij)/1[g(%i)-g(a)] (which is greater 
than zero irrespective of whether g(x) is increasing or decreasing) we obtain 

(6) J (6) > f_ ) - f(a) 
g_%) 

= 
g() - g(a) 

Similarly from (3) and (5) we obtain 

(7) f+( %) < f(t1) -f(a) 

g+( i) 
= 

g(ti) -g(a) 

Combining inequalities (6) and (7) gives (1). 
If, on the other hand, p(a) >p(b), then p' (b) >0, so that p(x) is an increas- 

ing function of x at x=b. Hence p(x) will attain its minimum value at a point.i 
between a and b, in which case 

(8) P+(nl) > 0, P_ (711) < 0. 

Furthermore, 

(9) P+ (lq 1) f+<_ __ f(nd- ) - f(a) g?(nil) (9) 
P~~~(ni)~ g(ni) - g (a) g(Gql) - g(a) g(nql) - g.(a) 
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and 

(1 f-(771) f(i) - f(a) g((ni) 
(10) -g(n)-g(a) g(ni) - g(a) g(u) - g(a) 

Inequalities (2) now follow from (8), (9), and (10). 
Finally, when p(a) = p(b), the required inequalities (1), and (2) follow readily 

by noting the continuity of p(x) in [a, b ]. This establishes Case A. Case B, which 
corresponds to f(x) -f(a) being nonpositive and g increasing, can be deduced 
from Case A by replacing f(x) by -f(x). Similarly, Cases C and D can be de- 
duced from Case A. 

When g(x) is differentiable in [a, b], equality holds in (4) and (5), and we 
can replace p-(I,) and p+(t,) by p_(0,) and p+(0,), respectively, thus giving 
stronger inequalities than (1) and (2). In addition, the differentiability of g(x) 
enables us to remove from f(x) -f(a) the constant-sign restriction required in (4), 
(5), (9), and (10). Corresponding remarks hold for (9) and (10). Consequently, 
by putting g(x) =x we then obtain the inequalities of [2]. 

In conclusion, for the special case when each off(x) and g(x) is differentiable 
in [a, bJ, we observe that an a exists between a and b such that 

f(a)- f(a) f'(a) 

g(a) -g(a) g'(oQ) 
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ANOTHER THEOREM RELATING SYLVESTER'S MATRIX 
AND THE GREATEST COMMON DIVISOR 
M. A. LAIDACKER, Lamar State College of Technology 

As is well known, a necessary and sufficient condition for two nonconstant 
polynomials to have a nonconstant greatest common divisor is that the determi- 
nant of Sylvester's matrix be zero. However, a greatest common divisor (gcd) of 
two polynomials can also be derived from Sylvester's matrix as stated in 
Theorem 3. 

It is to be assumed throughout thatf andfi are polynomials of degrees m and 
ml respectively where m > ml > 0, and the coefficients of the polynomials are def- 
inite constants. In addition, whenever a gcd is mentioned, it is with reference 
to f and fi. 

A gcd, fr, can be found by Euclid's algorithm which yields the equations 
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f = flql + f2 
fl = f2q2 + f3 

Jr-2 = fr-lqr-l + fr 

fr-l -frqr 

where fi is of degree mi, qi is of degree m-mr, qi is of degree mi-1-mi, 
mr_ln_mi+1, and i=2, 3, . . *, r. 

THEOREM 1. The polynomial fi can be expressed in the form gif +gUf1 where gi 
and g' are polynomials of degrees ml-mi_1 and m-mi-1 respectively. 

Theorem 1 is easily proved using induction on i. 

COROLLARY 1.1. A ged can be represented in the form gf +g,'f1 where gT and g' 
are polynomials of degrees no greater than mr-1 and m-1 respectively. 

The proof of Corollary 1.1 follows directly from Theorem 1 and the fact 
that mi_1:mi+1. 

Recalling that Sylvester's matrix of f=aoxflB+axm-l+ * +am and 
fi=boxml+blxml-l+ +bmj is 

ao a, .* * amO ** 

O aO a, ... am, * ... 0 ? 
.I m1 rows 

O O * aoa, **am 

bo bi ... bm1 O * * 

0 bo0b, * *bm. O .. *0 
m rows, 

LO O *** bob, bmi 

we prove the following theorem. 

THEOREM 2. If the elements of the ith row of Sylvester's matrix are the coefficients 
of polynomial pi and the elements of the ith row of Sylvester's matrix in echelon form 
are the coefficients of polynomial ei, then there are no nonzero polynomials of the 
form ailpl+a2P2+ +aCm+mlpm?ml of degree less than k where k is the degree of 
the last nonzero polynomial ep, ai is a constant for i= 1, 2, * * *, m+ml, and 
Sylvester's matrix is put in echelon form by row transformation only. 

Proof. Let pi and ei be polynomials described by the respective matrices 
where the entries of the first column are the coefficients of the xm+ml1l term, the 
second column are the coefficients of the xm+ml-2 term, etc. 

It should be noted that the set of polynomials generated by pi is the same 
as the set generated by the polynomials ei, i = 1, 2, ** , m+ml. 

Suppose the theorem is not true for k greater than zero. Then there are con- 
stants fi, i= 1, 2, * * *, p, such that #,1el+32e2+ * . * +?j3e =e where e is a non- 
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zero polynomial of degree less than k. Since e1 has as its first term an x to a power 
higher than that of e and es for i = 2, 3, * * *, p, j1 equals zero. 

We now consider the reduced expression 32e2+33e3+ * * * +fe, =e, and by 
the same reasoning as above find O2 equals zero. Continuing the process, we find 
that j = 0 for i = 1, 2, , p, implying e is a zero polynomial contrary to the 
supposition. 

For k equal to zero, the theorem is trivially true. 

THEOREM 3. The last nonzero row of Sylvester's matrix when put in echelon 
form, using row transformation only, gives the coefficients of a gcd. 

Proof. Suppose the coefficients of the last nonzero row to be c0, Cl, ,k 

where c0 is the first nonzero constant; then ep = CoXk +CXk- ? * * +Ck. From 
the construction of Sylvester's matrix, any polynomial of the form alPl+a2P2 
+ ?O* * +ozm+mlpm+ml can be written in the form gj?+g,f1 where gr and g' are 
polynomials of degrees no greater than ml -1 and m -1 respectively. Obviously 
ep can be written in the form gjf+grf1. That ep is divisible by a gcd follows im- 
mediately. Hence the degree of a gcd must be less than or equal to that of e,. 
However, according to Theorem 2, there are no nonzero polynomials of degree 
less than k expressible in the form gjf+grf1. Theorem 3 follows. 

I wish to thank the referee for his helpful comments. 
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REAL SOLUTIONS OF CLASSES OF POLYNOMIAL EQUATIONS 

S. B. JACKSON, University of Maryland 
and University of Liverpool 

1. Introduction. The purpose of this paper is to determine an upper bound 
for the number of real and distinct roots for certain classes of polynomial equa- 
tions with real coefficients. Thus, for the class of all polynomial equations of a 
given degree n having real coefficients, the Fundamental Theorem of Algebra 
asserts that there are at most n real and distinct roots. Moreover, this is a 
best possible result since it is trivial to produce an equation of the given class 
where the bound is actually attained. If, however, one restricts attention to 
classes of polynomial equations where certain of the coefficients are required 
to vanish, a sharper result may be possible. Thus for the class of cubic equations 
of the form ao+aix3=0, the number of real roots cannot exceed 1 since a real 
number has only one real cube root. 

Consider the class of polynomial equations with real coefficients of the form 

(1) aO + aIxPa + a1xl' + a2XP + + aXPn = 0 

where 0 <Pl <P2< . <pn and where not all ai vanish. Since this class of 
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polynomials is uniquely determined by the sequence of exponents { O, pi, 
* p. it will be designated as the class (0, Pi , , Pn). For this class of 

polynomial equations, let s denote the number of cases when two consecutive 
integers in the sequence {O , pi, . ., Pn } have the same parity, i.e., are both 
odd or both even. The principal result to be established is the following theorem. 

THEOREM 1. The number of real and distinct roots of a polynomial equation of 
class (0, P19. @ , pn) cannot exceed n+s. Moreover the bound n+s is actually at- 
tained by a polynomial equation of this class. 

2. Proof of the first half of Theorem 1. It is interesting that this proof re- 
qutires nothing more complicated than the familiar Descartes Rule of Signs. It 
is to be shown that n+s is an upper bound to the number of real and distinct 
roots for all polynomials of the given class. Consider first the special case of a 
polynomial of the given class (0, pi, p, pn) for which all ai are different from 
zero. Then, in particular, ao$ so that x=O is not a root. Thus all real roots are 
either positive or negative. By Descartes' Rule of Signs, the number of positive 
roots cannot exceed the number of variations in sign in the sequence {ao, 
a,, * * *, a.)}, while the number of negative roots cannot exceed the number of 
variations in the sequence {ao, (-l)"'ai, (-l)2a2, * * *, ( -)1Pnan. Let ak, 

ak+1 be any consecutive terms in the first sequence, whence the corresponding 
terms in the second sequence are (-l)Pkak, (-1)PVk+lak?l. If pk and pk+1 have 
opposite parity then exactly one of these two pairs has a variation of sign. 
Hence, if there are d cases of different parity in the sequence { O, Pl, . * *, pn } 
we can count exactly d corresponding variations in sign in the two coefficient 
sequences. If, on the other hand, pk and Pk+, have the same parity, then the pairs 
ak, ak+1 and (- l)-kak and (- 1)Pk+lak?+ either both have a variation in sign or 
neither does. Hence, corresponding to the s cases of same parity in { O, Pi, 
Pn } , there are at most 2s variations in sign in the two coefficient sequences. The 
total number of variations is therefore at most d+2s which is thus an upper 
bound on the number of real roots. Since d +s = n this is the desired upper bound 
n+s. This proves the stated result for the case when ai$O for all i. 

Consider next the case of a polynomial of the given class (0, pi, , Pn) 
having ao = 0 and let ak, k > 1, be the first nonvanishing coefficient. Furthermore, 
let asO 0 for i = k, * * *, n. Then equation (1) has a root x=O and the remaining 
roots are those of the equation. 

ak + ak+lx(Pk+1 Pk) + * + anX (Pn-Pk) = 0. 

Since this is an equiation of the type just considered, with n replaced by n-k, its 
number of real distinct roots cannot exceed (n-k) +s' where s' is the number of 
cases of same parity of consecutive terms in the sequence {0, Pk+?-Pk, 
Pn -Pk }. This is clearly the same as the number of cases of same parity in the 
sequence {Pk, Pk+?, * * , pn }. Since this latter sequence is a section of { 0, 
Pl, n, PI} it follows at once that s'< s. The number of real distinct roots of 
equation (1) for the case under consideration therefore cannot exceed 1+ (n - k) 
+s'. Since k > 1 and s'< s, this latter number cannot exceed n+s which is there- 
fore an upper bound for the number of real distinct roots. 
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Consider finally the general case of equation (1) where any proper subset of 
the coefficients ai vanish, and let z be the number of zeros among the coefficients 
al, a2, , an. Equation (1) then has the form 

(2) bo + bixrl + b2xr2 + . . . + bmxrm = 0 

where bo=ao, biOO for 1<i<m, and m=n-z, and where each term in (2) is 
one of the terms in (1). Equation (2) is exactly of the form just considered. Hence 
the number of real distinct roots of (2), and therefore of (1), cannot exceed 
m+s' where s' is the number of cases of same parity for consecutive terms of 
the sequence {O, ri, . . ., rt}. Note that this latter sequence is, by definition, 
a subsequence of {J, Ply . , Pn }I. Consider any case rk, rk4l of same parity in 
the sequence { 0, r1, * *, r,m }. Let rk = pA and rk = Pu+1. If t = 1, then Pu, PU+ 
are a case of same parity in the sequence { 0, Pi, *, pn I . If t > 1, then a,+IxPu+l 
was one of the omitted terms, so that a,+= =0. Thus each of the s' cases of same 
parity in { 0, ri, * * *, r. I corresponds either to a case of same parity in sequence 
0, pi, P * , Pn } or to a vanishing coefficient in (1). Since there are s cases of 

same parity in {O, pi, - , pn} and z vanishing coefficients in (1), this means 
that s'<s+z. Hence the bound m+s' for the number of distinct real roots of (2) 
is such that m+s'<m+s+z=n+s, where the last equality follows from the 
fact that m +z = n. This completes the proof of the first part of Theorem 1, namely 
that n+s is always an upper bound to the number of real distinct roots of a 
polynomial equation of the class (0, pi, , pn). 

3. Proof of the second half of Theorem 1. It is to be slhown that there exists, 
in the class (0, pi, *, pn), a polynomial equation having n+s real distinct 
roots. We proceed inductively. 

Suppose that coefficients ao, al, , ak for k ? n -1 have been chosen in such 
a way that the polynomial Pk(x) given by Pk(x) ao+alxpl + + ?akXPk has 
the following properties: 

(i) The as for i =0, , k are nonvanishing and alternate in sign, with 

(ii) There is an increasing sequence XO =O <XI < <Xk such that, for 
O?i?k, Pk(xt) has the sign of as while Pk(-xi) has the sign of (-1)Piai. 

It is to be shown that ak+? can be chosen such that polynomial Pk+l(x) defined 
by Pk+1 (x) = Pk(x) +ak+lXpk+l satisfies (i) and (ii) for the case k + 1. Let ak+1 be 
chosen opposite in sign to ak and such that j ak+xk*+lf <Mino?5ik [ PPk(xi)f, 
Pk(- X i) J ]. It follows that, for every x [- Xk, Xk], i ak+lXPk+lI <I | (xi) I and 
ak+1xPkIl I <1 PPk(-x) I. Since Pk+?(X) =Pk(x) +ak+,XPk+1, this means that, for 

each xi(i = O, 1, * , k), Pk+1 (xi) has the same sign as Pk(xi) and Pk+? (-xi) has 
the same sign as Pk(-xi). Hence, by property (ii) for Pk(x), Pk+l(xi) and 
PA+?,(-xi) have, respectively, the signs of as and (-1)Piai for O <i < k. 

Finally, let Xk+1 > xk be chosen large enough such that at x = + xk+1 the poly- 
nomial Pk+1(x) is dominated by its final term, ak+lXPki+. Since Xk+1>0, this means 
that, for x = x+, Pk+1(xk+1) has the sign of ak+1 and Pk+1( -Xk+1) has the sign of 
(-l )P'k+1a*+1. It is seen at once that polynomial Pk+l(X) satisfies conditions (i) 
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and (ii) for the case k + 1. 
Since, if ao is any positive number, the polynomial Po(x) =ao trivially satis- 

fies (i) and (ii) for the case k = 0, it follows by induction that a polynomial 
P2.(x) of class (0, pi, , pn) satisfying (i) and (ii) for the case k = n can be 
found. 

To complete the proof it remains only to show that the polynomial equation 
Pn (x) = 0 has n +s real distinct roots. To this end consider the positive interval 
[xk, Xk+1]. Since Pn.(xk) and Pfl,(xk7+1) have the signs of ak and ak+1, respectively, 
by (ii), and since by (i) these numbers are of opposite sign, it follows that 
P2.(x) = 0 has a root interior to the interval [Xk, Xk+l]. There are n such intervals 
and hence at least n distinct positive real roots. Consider now the negative in- 
terval [- x+1, - Xk]. By (ii) Pn ( - Xk+1) and Pn ( - Xk) have the signs of (-1) Pk+lak+l 
and (- l)kak respectively. If Pk and Pk+1 have the same parity these numbers are 
of opposite sign and there is a root between-Xk+l and-xk. Hence each of the s 
cases of same parity in the sequence {O, pi, * p*, p } corresponds to a negative 
root, so there are at least s negative roots. Thus P,(x) =0 has at least n+s real 
distinct roots. Since, by the first part of Theorem 1, this number of roots cannot 
exceed n+s, the number of real distinct roots is exactly n+s. This completes the 
proof of Theorem 1. 

4. An extension. A slight, but sometimes useful, extensioni of Theorem 1 can 
be readily deduced. Consider the class of polynomial equations with real co- 
efficients given by 

(3) ao + aixPi + * + a2xpX + an+,xPn+l + * + a.+Xrpn+r = 0 

where 0 <P, < . . . <Pn<Pn+l< . . . <pn+r and not all ai vanish and where, 
in addition, we require that integers Pn P * * Pn+T all have the same parity and 
that coefficients a,,, * * *, a2.+r all have the same sign. As before, let s be the 
number of cases of consecutive terms having the same parity in the sequence 
to, P1, * * *, pn } . For convenience, let the class of polynomial equations defined 
above be called class C. The following theorem can then be established. 

THEOREM 2. The number of real and distinct roots of a polynomial equation of 
class C cannot exceed n +s. Moreover, the bound n +s is actually attained by a poly- 
nomial equationt of the class, and this polynomial equation can be chosen such that 
an = an+1 a n * = r 

The proof will be omitted, since it is a relatively trivial modification of that of 
Theorem 1. The crux of the matter is that, though (3) allows terms not present 
in (1), the fact that the last r+1 terms all have the same parity for their expo- 
nents and the same sign for their coefficients means there is no increase in the 
possible number of variations and hence no increase in the possible number of 
real distinct roots. 

5. An application. As an illustration of these ideas, let us seek to determine 
the linear order of the plane curve given parametrically by 

(4) x = t3, y = t4 where - co < t < oo. 
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This means we wish to determine the maximum number of distinct real points 
in which curve (4) is met by any line. Since the general line has the equation 
ax +by +c = 0, the intersections with (4) are given by the solutions of the equa- 
tion 

(5) c + at3 + bt4 = 0. 

Within the class of equations given by (5) we wish to find the maximum number 
of real distinct solutions. The class given by (5) is precisely the class (0, 3, 4) of 
'Theorem 1 with n = 2. Since the sequence 10, 3, 4} of exponents has no case of 
consecutive members of the same parity, then s =0. Thus, by Theorem 1, the 
maximum number of real and distinct roots is n+s = 2+0 = 2, so curve (4) has 
linear order 2. This is of some interest since the curve is actually one of degree 4, 
having nonparametric equation X4 = y3. 

In a similar way one may seek to determine the cyclic order of curve (4), i.e., 
-the maximum number of real distinct intersections with the general circle (con- 
sidering lines as special circles). The general circle has the form a(x2+y2) +bx 
+cy+d=0. The equation giving the desired intersections this time becomes 

(6) d + bt3 + ct4 + a(t6 + t8) = 0. 

Equations (6) are precisely the set of equations considered in Theorem 2 with 
n=3, r = 1, and an exponent sequence up to pn of 1 0, 3, 4, 6} so that s = 1. By 
'Theorem 2 the cyclic order of curve (4) is therefore precisely n +s =3+1 = 4. 

Frequently only an upper bound on order is determined by these theorems. 
For example, if one seeks the cyclic order of the curve given by 

t(7) X-t2, y = t5 where -oo < t < o, 

-the relevant equation becomes 

(8) d + bt2+ at4 + ct5 + at" = 0. 

This is an equation of form (1) with n=4 and an exponent sequence {0, 2, 4, 5, 
10 } for which s=2. Hence, by Theorem 1, the number of intersections is at most 
-n+s=6. However, equations (8) are only a subset of the class (0, 2, 4, 5, 10) 
considered in Theorem 1 since in (8) the coefficients of t4 and t'0 must be equal. 
Whether there is, in this subset, an equation actually having six real distinct 
roots is not known from the given discussion. Hence it can only be concluded 
that 6 is an upper bound to the cyclic order of curve (7). 

A THEOREM ON ARC LENGTH 
JOHN KAUCHER, University of California, Santa Barbara 

Many calculus textbooks apply the mean value theorem for integrals to 
interpret the area under a curve as the area of a related rectangle. The purpose 
of this note is to interpret the length of arc of a curve as the length of a related 
line segment. 
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 THEOREM. If f'(x) is continuous for a <x < b and t(x) is the length of the segment
 of the tangent line at (x, f(x) ) intercepted by the lines x = a and x = b, then there
 exists a number w, a < w < b, such that t(w) is the length of arc of f (x) between x a
 and x=b.

 a M 4!f b

 Proof. By the mean value theorem for derivatives, there exists a point m,
 a m _<b, such that f'(m) = slope of PQg. Since the line x = a is parallel to x = b,
 then t(m) =length of PQ. But the length of PQ is less than or equal to the
 length of arc fi?. Therefore t(m) ?<length of k.

 Since f'(x) is cdntinuous, it has a maximum value at x = M, a 5 M? b. Now

 t(M) = v'(b - a)2 + [f'(M)(b - a)]2 = (b - a)V\1 + [f'(M)]2.

 But since-f'(M) >f'(x),

 v/1 + [f'(M)2 > -\/1 + [J (x)V2.

 Integrating from x = a to x-b, we get t(M) > length of 1?2.
 Sincef'(x) is continuous, t(x) is continuous. We proved that t(m) <length of

 P1<t(M). By the intermediate value theorem there must exist a number w
 such that t(w) = length of #?2.

 BIORTHOGONALITY OF CHARACTERISTIC VECTORS

 JOHN CHRISTIANO and ALBERT WIGGIN, N.I.U.

 A fact known for some time, but for reasons unknown to the authors, the
 result as stated in Theorem 2 below does not seem to appear in the standard
 texts in linear algebra or matrices. Applicability of this result to Markoff
 theory and other areas makes the proof of this theorem both interesting and
 useful.
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 The following definitions and theorems are stated for background and
 completeness.

 DEFINITION. Let X= (xi, X2, * Xn) and Y = (YI, Y2, * y,n) be vectors in
 either a Euclidean or unitary space, then the inner product of X and Y is defined as

 n

 (X, Y) = Xyi.
 i=l

 THEOREM 1. The inner product has the following properties:

 1. (X, Y)=(Y,X)

 2. (7X, Y)=X(X, Y), XER
 3. (X+Z, Y)=(X, Y)+(Z, Y)
 4. (X,X)_O
 5. (X, X)=O-*X=O

 DEFINITION. X and Y are orthogonal if (X, Y) = 0.

 DEFINITION. The countable set I = {R1, R2 . . . , Rm} of vectors forms an
 orthogonal family if

 (R, R )=Eriri = j 0 k

 (Ri,k) j212= j
 i=l

 (R,R') = Z [rf 0 0 j = 1, 2,.. ,m.
 i=l1

 DEFINITION. Two countable sets of vectors OR= {R1, R2, * * , R} and OL
 = {LI, L2, . . , Lm } are biorthogonal if (Ri, Lk) = Oj, k = 1, 2, . . , m and jfk.

 DEFINITION. If A = (aij) is an n X n matrix and X is an n-dimensional vector,
 the vector-matrix right product is

 n

 AX- aijxj, i= 1,2, **,n.
 j=l

 DEFINITION. The vector-matrix left product is

 n

 XA=aijxi, j=1,2,l*2 ,n.
 i=l

 THEOREM 2. If A = (aij) is an nXn matrix and XL = {L1, L2, * * *, Lk} is the
 set of left characteristic vectors and OR = { R1, R2, . . , Rk } the set of right charac-
 teristic vectors of A corresponding to the distinct characteristic values X1, X2, * * *

 Xk, then O)R and 4)L are biorthogonal.

 To prove this theorem, we first prove the following:

 LEMMA 1. If A = (aij) is an n X n matrix, and X and Y are n-dimensional vec-
 tors, then (AX, Y) = (X, YA).
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 Proof.

 n n n

 (AX, Y) =yl aljxj +y2 a2jxj + + yn Et anjXi
 j=1 j=1 j21

 n n n

 - xlE ailyi +x2 ai2yi + +X + aix y
 i=1 i-1 i=l

 - (X, YA).

 The proof of Theorem 2 now follows: By definition for left and right charac-

 teristic vectors

 (1) AR' = XjR'

 and

 (2) LiA = X,Li.

 Taking the inner product of (1) with Li and the inner product of (2) with R'
 and subtracting yields

 (AR7, L) - (RIj LiA) = (Li, XjRj) - (Ri, XiLi).

 The left member of this equation is zero by Lemma 1. Applying properties 1

 and 2 of Theorem 1 to the right member yields

 0 = (Xj - X) (Li, Rj).

 Now Xj#Xi for i #j; hence (Li, Ri) = 0, i oj. Thus the assertion is proved.

 Example. Let

 -1 0 4-

 A= 5 2 3

 _0 0 3J

 The characteristic values of A are

 X1 =1, X2 = 2 and X3-3.

 The corresponding right vectors are

 RI = (1, -5,0), ?R2 = (0, 1, 0) and R3 = (2, 13, 1).

 The left vectors are

 L= = (102, -2), L2 = (5, 1, -23), and 3 = (0, , 1).

 It is observed that OR and XL are biorthogonal. That is, (Ri, Li=) 0, Itj
 ,j=1, 2, 3.
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 A TRANSFORMATION FOR CLASSES OF GEOMETRIC
 CONFIGURATIONS

 NORMAN R. DILLEY, THOMAS M. GREEN, and CHARLES HAMBERG

 Coolidge [1] describes the notion of a geometrical transformation with the
 following, "First of all, a transformation is looked upon as a means of simplifying

 a figure, or of deducing the properties of one figure from those of another by ex-

 pressing them in terms that are invariant under the general relation that con-
 nects the two."

 In this paper a transformation is introduced which shows the area property
 of any pair of geometric configurations to exist as a magnification or a dilation
 invariant over the given class of geometric configurations.

 To begin the discussion, one may allow the geometric configuration to be a
 triangle in the plane. This divides or decomposes into line elements as

 Li ax + blyc=l

 (1) L2 a2x+ b2y = c2

 L3 -> a3x + 3Y = c3

 Any nonempty intersection of three line sets must describe a triangle element
 in the plane space S2. Accordingly,

 (2) {LC n L2( TL3} -*AABC.

 Next the triangle element, AABC, is fixed so that the vertices appear in the

 plane as (a,, b1), (a2, b2), and (a3, b3).
 A vector space is required and is quickly found by noting the two dimensional

 vector space X2 that is isomorphic to the plane space S2. Since the space S2 con-
 tains an origin (0, 0) and points that are the vertices of the AABC, one may
 recognize three vectors which connect the origin to the vertices. Designate
 these vectors as XA, XB, XC. Now the situation shows a triangle in the plane with
 vectors connecting the origin (0, 0) to the vertices of the triangle. Stating this
 more concisely,

 S2 -X2

 (3) X2 - {XA, XB, XC}

 X2 n S2 = {(0, 0), (a,, b1), (a2, b2), (a3, 3) }.

 Now the transformation may be applied to the triangle element or AABC.
 The details of the transformation are a cyclic' subtraction of the vectors XA, XB,
 XC, in pairs. The result of each pairwise subtraction is a set of new vectors
 {xl, x2, X3}. If the transformation is designated by the symbol 3, then

 (4) f(3AABC) {X1, X2, X3}

 where the subtraction is routine for xl=XA-XB= (a2- a), (b2-b1), b * , and
 x3 =xc-XA=(a,l-3), (b1-b3).

 The transformation : decomposes the AABC into its three line elements (the
 sides) and translates them to a new position about the origin (0, 0). What is
 translated is, of course, the length of each side. In the result of the transforma-

 136
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 tion one notes the new set of vectors {X 1, X2, X3} designating a new triangle,
 AA'B'C'. Hence,

 (5) i3(AABC) -* AA'B'C'.

 Since the first triangle was a closed figure, any system generated remains a

 static or closed system. Interestingly, the triangle AA'B'C' is oriented so that

 the origin is the centroid.
 At this point one may ask with Coolidge, "What property is invariant over

 the class of pairs of triangles, AABC and AA'B'C'?"
 To search for the invariant over the transformation one uses the area prop-

 erty of the triangles. Let the area of AABC be given as

 a, a2 a3

 (6) |AABC1 = bi b2 b3

 = 1(a1b2 + a2b3 + a3b, - a1b3 - a3b2 - a2bi).

 Then the area of the second or projected triangle that results from the trans-
 formation is

 a2- a, a3- a2 a,l- a3

 (7) AA'B'C' = b2-b1 b3-b2 b-b3

 After some lengthy algebra, this reduces to

 (8) AA'B'C' = 3[2(alb2 + a2b3 + a3b, - a1b3 - a1b3 - a2b,)].

 The invariant property over the transformation is, therefore, a threefold
 magnification of the area. Hence

 (9) 3(AABC) -* I AA'B'C = 31 AABC 1.
 In extending the discussion to another class of polygons, one may investigate

 a pair of convex quadrilaterals. Here the general quadrilateral is ABCD and a
 plane figure with vertices (a,, b1), * * *, (a4, b4). The vectors which terminate
 upon the vertices are in the set {XA, X , XD }. The transformation j3, a cyclic
 subtraction of the terminating vectors, produces the set of vectors {X 1, X2, X3,
 X4 }. This new set of vectors determines the second quadrilateral A'B'C'D'.

 When the area property of the two quadrilaterals is investigated in the same
 manner as with the case of the triangles, it is found that there exists a two-fold
 magnification of the area over the transformation. Hence,

 (10) I A'B'C'D'| = 2 A AB CD I .
 The transformation j3 has the invariant property that the projected quadri-

 lateral is increased in area two-fold.
 When one investigates further classes of polygons such as the pentagons,

 hexagons, etc., one notes that the magnification factor for the areas maxi-
 mizes for the regular polygon of the given class. The following table gives the
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 magnification factor (this is symbolized as a) for the various classes of polygons

 after the transformation ,B has taken place.

 TABLE OF THE MAGNIFICATION OF AREAS

 Polygon Class Area Magnification Factor

 Triangle a=3

 Quadrilateral a= 2
 Pentagon a < 1. 382
 Hexagon ac 5 1. 000

 Heptagon & : 0 .752
 Octagon ac ?0.586
 Nonagon a _ 0. 468
 Decagon a_0.382
 n-gon a=4 sin2 (180/n)

 The figures in the table were calculated after the general expression for a

 was found. Here are the steps that led to this general expression:
 a. Note that for the regular polygon, under the transformation j3, the side of

 the given polygon becomes the radius of the circumscribing circle about the
 projected polygon about the origin.

 b. The area of the first regular polygon in terms of its side is known to be
 A = (n/4)s2 cot (180/n), where s =side, n = number of sides.

 c. The area of the regular polygon in terms of its circumscribing radius is
 known to be A'= (n/2)s2 sin (360/n).

 d. = A'/A (n/2)s2 sin(360/n) 2 sin(360/n)

 (n/4)s2 cot(180/n) cot(180/n)

 e. Let A = 180/n, then

 2 sin 2A
 ____= = 2 sin 2A tan A

 cot A

 = 2(2 sin A cos A tan A)

 = 4(sin A cos A) (sin A/cos A)

 = 4 sin2 A.

 f. Therefore, a =4 sin2 (180/n).
 A remarkable thing about this area magnification factor is that taking

 limits one notes that

 lim 4 sin2 (180/n) = 0

 which implies that a circle is transformed into nothing, or in other words, under
 , as a transformation, the circle shrinks to zero. This is true regardless of the size
 of the circle that one began with before the transformation. The reason for this
 eludes the authors at this point of their investigation.

This content downloaded from 134.129.182.74 on Tue, 10 May 2016 07:31:28 UTC
All use subject to http://about.jstor.org/terms



 1969] ON SHUFFLING CARDS 139

 It so happens that there is an alternative expression for a. This results be-
 cause of the identity

 a - 4 sin2 (180/n) = 2 - 2 cos(360/n).

 It appears that under : two space transforms to two space. Further investi-
 gation for ,B for three space, four space, etc., lies ahead.

 It appears that 3 must have an inverse for it is certainly possible to decom-
 pose a polygon about the origin and send it into the plane. However, it is not an
 ordinary inverse because there will not be a uniquely situated polygon in the
 plane for the polygon about the origin. Hence, A-1 generates a polygon that must
 be independent of the axes that contained the polygon about an origin. This
 polygon, that is reduced in area according to the inverse of the a for the given
 class of polygons, is a 'stateless' polygon or 'abstract' polygon. One has the
 polygon, but one does not see where to place it in the plane. The reason that this

 condition exists is because of the plane space S2 and the vector space X2--they
 are infinitely removed from each other. The plane space S2 induces an isomorphic
 vector space X2, but the vector space X2 does not induce a plane space S2
 under 1-1.

 Perhaps there is a more adequate way to discuss ,B and p-1. The authors
 would be pleased to see any discussion on the matter.

 It is a pleasure to acknowledge that the initial stimulation for the thoughts in this paper were
 gained at a National Science Foundation Mathematics Institute held at the University of Cali-
 fornia, Santa Barbara, Calif., in 1964.

 Reference

 1. J. L. Coolidge, A History of Geometrical Methods, Dover, New York, 1963, p. 293.

 ON SHUFFLING CARDS

 EDWIN F. WILDE, Beloit College and DANIEL A. TOMANDL,

 Beloit College student

 1. Introduction. Problems suitable for undergraduate research are not nu-
 merous, but with the availability of computers many areas deserve re-examination
 as possible sources. This paper contains the development of a number theoretic
 example. If an ordered deck of distinguishable cards is shuffled and reshuffied in
 a prescribed manner, the question may be asked as to whether the cards will re-
 turn to their original order, and if so, after how many shuffles. The initial in-
 vestigation for decks with two hundred or fewer cards was completed by a

 computer and study of the results yielded fruitful conjectures. The result was
 not only an answer to the original questions, but the development of an
 algorithm to determine the exponent to which 2 belongs modulo integers of the
 form 4n+1 and the solution of an interesting distributional question.
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2. Analysis. 

DEFINITION 1. A deck of cards is said to be shuffled if the second card is placed 
on top of the first, the third below the first two, and the cards continue to be placed 
alternately above and below the existing pile until no cards remain. 

Let cl, c2, * * *, c2n+1 denote a deck of 2n+1 ordered cards. After one shuffle, 
the cards are in the order c2n, . . ., C2, C1, C3, . . ., C2n+l The cards return to their 
original order after repeated shuffling iff the first 2n cards do. Consequently, the 
analysis is restricted to decks containing an even number of cards. 

DEFINITION 2. Let N(i, m, n) be the position number of the ith card after m 
shuffles if there are 2n cards. Let N(i, 0, n) =i. 

For example, N(1, 1, 3) =4 and N(1, 2, 3) = 2. The first theorem pertains to 
the values of N(i, m, n) and pleasantly enough the inelegant form of this nat- 
ural result does not impede its use. 

THEOREM 1. N(i, m, n) is the unique integer in the following set of 2m rational 
numbers: j2-m[(2n+1)(2m+1)-(4n+l)ri-I+(i-2)] where rj=1, 2, 3, . . *, 
2m1}. The sign is (_1)c where c is the number of even terms in the set { N(i, 1, n), 

N(i, m, n)}. 

Proof. The theorem holds form = 1; if i is odd, N(i, 1, n) = (n+1)+(i-1)/2, 
while if i is even, N(i, 1, n) = (n+1) -i/2. Suppose the theorem is true for 
m=k. If N(i, k, n) is odd, then N(i, k+1, n)=(n+1)+? [N(i, k, n)-1] 
=N(i, k+1, n) where ri is chosen from the integers 1, 2, 3, * * *, 2k-1 and the 
sign selected is the same as that for N(i, k, n). If N(i, k, n) is even, 
then N(i, k+1, n)=(n+1)- IN(i, k, n)=N(i, k+1, n) where Ri=2k-r?+1 is 
chosen from the integers 2k, 2k-1, , 2k-1 +1 and the sign selected is the op- 
posite of that for N(i, k, n). 

LEMMA 1. If N(i, m1, n) =N(i, M2, n), where ml>m2, then (1) N(i, m1-m, n) 
-N(i, m2-m, n) for integer m, O < m < M2, and (2) N(i, ml+m', n) = N(i, m2+m', 

n) for nonnegative integer m'. 

Proof by induction. 

LEMMA 2. There exists an integer x, 0 < x < 2n, such that N(i, x, n) = i. 

The proof follows from the Dirichlet pigeonhole principle and Lemma 1. 

DEFINITION 3. Let m (i, n) be the least positive integer, x, such that N(i, x, n) = i. 

LEMMA 3. N(i, x, n) = i iff x=c.m(i, n), where c is a nonnegative integer. 

The proof of necessity follows from Lemma 1 by induction. The proof of 
sufficiency follows directly from Lemma 1. 

THEOREM 2. N(i, m(1, n), n) =i. 

Proof. Since shuffling replaces the first card by the last, m(1, n) =m(2n, n). 
By Theorem 1 with m=m(1, n) there exists a positive integer r1, r2n, 1 <rl, 
r2n < 2m(1,n)-l, and a choice of sign such that 
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(1) 2-m(1,n)[(2n + 1)(2m(l,n) + 1) - (4n + 1)rj - + ?] 1 

(2) 2-m(n) [(2n + 1)(2m(ln) + 1) - (4n ? i)r2n - 2 + (2n - = 2n, 

respectively. 
The sign selected in Equation (1) is determined inductively by the position 

numbers N(1, m, n), where mr=1, 2, * , m(1, n). Since N(1, mr-1, n) 
=N(2n,m,n),m=2,3, * * * ,m(l,n)+l and N(2n,m(1,n)+1,n)=N(2n, 1,n), 
the signs selected in Equations (1) and (2) are the same. 

To prove that the forthcoming selection of ri is integer valued, it is now 
shown that 2n -i r2n-r1. Subtraction of Equation (1) from Equation (2) 
yields - (4n+1) (r2n-rj)=(2m(l1n)+1)(2n-1). From Equation (1), shown in 
detail in the next proof, 4n+112m(1,n) F1. Hence, 2n-1r2n- ri. 

Now choose ri=ri+(i-1)(r2n-ri)/(2n-1) and select the same sign as was 
chosen for Equation (1). Then N(i, m(l, n), n) =2-m(1,n) [(2n+1)(2m(1,n)+1) 
-(4n +1) ri, - +(i--1) ]= N(1, m (1, n), n) + [(i -1) /(2 n -1)] [N(2n m (l, n), 

n) - N(1, m (1, n), n)]i 

THEOREM 3. m(1, n) is the least positive integer, x, such that 4n+1 divides 
2x+1 or 2x1. 

Proof. Theorem 1 with i= 1, m = m (1, n) and the positive sign chosen implies 
that r1= [2n(2m(1,n)_1)/(4n+1)]+1. Since (2n, 4n+1) =1, ri is integer valued 
iff 4n+1j2m(1,n)-1. If the negative sign is chosen, r1 is integer valued iff 
4n + I I 2m(l,n)) + 1. To see that m(1, n) is the least positive integer with the desired 
property, consider the positive integer y, y<m(l, n), and 4n+1i2Y+i. Let 
r'-2n(2y+l)/(4n+l). Since r'<2y-', by Theorem 1, N(1, y, n)=i, and by 
Lemma 3 y=c m(i, n). But y?m(1, n), so c=i. A similar argument may be 
given if 4n+ 1 |2y-1. 

COROLLARY. m (1, 28)-S + 2 for positive integer s. 

3. Prefatory remarks. Certain number theoretic results and definitions used 
in the remainder of the paper are now stated. For details see [I]. Euler's gen- 
eralization of Fermat's Theorem states that 2?(n+l1)=I (mod 4n+1). If h is the 
smallest positive integer such that 2h 1 (mod 4n+1) then 2 is said to belong 
to the exponent h modulo 4n + 1. If h = ek (4n + 1) then 2 is called a primitive root 
modulo 4n+1. 

4. An algorithm. Theorem 3 provides an easily computerized algorithm 
for determining the exponent to which 2 belongs modulo integers of the form 
4n+1. Consider the recursion relation N(1, m, n) = [(n+i)+N(1, mr-1, n)-I] 
/2 if N(1, rn-1, n) is odd, N(1, m, n) = (n+l)+N(l, mr-1, n)/2 if N(1, mr-1, n) 
is even, with the initial condition N(1, 0, n) = 1. Continue the process until 
N(1, m, n) = 1 and denote this value of m by m(l, n). Let N* be the number of 
times that N(1, m, n), m = 1, 2, * * *, m(1, n), is even. If N* is odd then 2 *m(1, n) 
is the exponent of 2 modulo 4n+1, while if N* is even then m(l, n) is. 

5. A distributional question. Attention is now directed to the question of 
whether there is a characterizatiorl for the values of n such that 2n shuffles, the 
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maximum number, are necessary before the cards return to their original order. 

THEOREM 4. m (1, n) = 2n iff 4n + 1 is a prime, n is odd and 2 is a primitive root 
modulo 4n+1. 

Proof. If 4n+1 is a prime, by Fermat's theorem, either 22n= 1 (mod 4n+1) 
or 22n= -1 (mod 4n+1). Because 2 is not a square modulo primes of the form 
4n+1 if n is odd, 22n= -1 (mod 4n+1). Since 2 is a primitive root modulo 
4n+1, by Theorem 3, m(1, n) =2n. If 2 had not been a primitive root, then 
2h-=1 (mod 4n+1) where h<4n, so m(l, n) <h/2<2n. 

Suppose now that 4n+1 is a prime and n is even. The square 2 is a solution 
of x2n=1 (mod 4n+1) and consequently 4n+1 divides 2n+1 or 2n-1. Hence, 
m(1, n)<n. 

Finally, suppose that 4n+1 is not a prime: 4(4n+1) <4n, and since 20(4T+1 
-1 (mod 4n+1), 2 2 (mod 4n+1) or 2 (mod 4n+1). 
Hence, m(1, n) < 2n. 

6. Conclusion. Undergraduate research can be a highly effective teaching 
method and the accessibility of computers to do extensive routine computational 
work has resulted in an increase of available research problems. The authors 
hope that this paper encourages college teachers to consider seriously the possi- 
bility of having their students do research. 

Reference 

1. Ivan Niven and H. S. Zuckerman, An Introduction to the Theory of Numbers, 2nd ed. 
Wiley, New York, 1960. 

COFACTORAL MATRICES 
R. BUCHER and S. GODBOLE, Virginia Polytechnic Institute 

1. Introduction. Cofactoral matrices are presented here for their heuristic 
value. Nearly all the theorems given are accessible to a student just beginning 
the study of matrices, and many of the results are well known; yet the theory of 
cofactoral matrices is surprisingly rich and rewarding. The ring of cofactoral 
matrices of order two over a field K is isomorphic to K[xI/(x2+1). In particular, 
when K is the field of real numbers, this ring is isomorphic to the field of complex 
numbers. The study of real nonsingular cofactoral matrices leads naturally to 
the study of orthogonal matrices. 

2. General theorems. Let A = [ai1] and let cof(a;j) denote the cofactor of 
aij. Throughout this paper cof A denotes [cof(aij)]. 

DEFINITION. If A is an n by n matrix over a field K, where n > 2 and A = cof 
A, then A is a cofactoral matrix over K. 

THEOREM 2.1. The identity matrix In is a cofactoral matrix. 

THEOREM 2.2. The null matrix ?n is a cofactoral matrix. 
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THEOREM 2.3. If A is a cofactoral matrix over K, then A I =E=(ajj)1; 
j=1, , n and IAI = ,(aij)2; i-1, n. 

Proof. Let A ij be the cofactor of aij. Then I A I = Enila;jAi . Since A is a 
cofactoral matrix, aij =A ij. Therefore JAI= ) In the same manner 
we can prove that |A = Ejt (a _ )2 

THEOREM 2.4. A is a cofactoral matrix over K if and only if adj A =AT. 

Proof. A = cof A@xA T (cof A) T.#*A T= adj A. 

THEOREM 2.5. Let A be a nonsingular matrix over K. Then A is a cofactoral 
matrix if and only if A-1=AT/IAI. 

Proof. If A is a cofactoral matrix, then A'=(adj A)/| A I =AT/I Al. Con- 
versely, suppose AT/I A = A-'. Since A-'= (adj A)/I Al, it follows that 
(AT) = (adj A) and A = cof A. 

THEOREM 2.6. If A and B are nonsingular cofactoral matrices over K, then AB 
is a nonsingular cofactoral matrix. 

Proof. Since (AB)-f=B-1A-1, (adj AB)/l ABI = (adj B/I BI )(adj A 
/A A ). Therefore adj AB =-adj B adj A; hence adj AB = (AB)T; it follows from 
Theorem 2.4 that AB is cofactoral. 

THEOREM 2.7. If A is a nonsingular cofactoral matrix over K, then A-' is a co- 
factoral matrix over K. 

Proof. By Theorem 2.5, A-'=AT/ Al. Thus (A-1)-1=(AT/IA|)-1 
=-Al (AT)-l1(AT)-I/l A-1l = (A-1)T/l A-l . By Theorem 2.5, A-' is a co- 
factoral matrix. 

COROLLARY 2.8. The set of n by n nonsingular cofactoral matrices over K is a 
group under matrix multiplication. 

Proof. Closure follows from Theorem 2.6, and the existence of inverses follows 
from Theorem 2.7. The proof of the following theorem is straightforward. 

THEOREM 2.9. If A is a cofactoral matrix over K of order n, and k -K, then cof 
(kA) =kn-'A. 

COROLLARY 2.10. If A is a cofactoral matrix of even order, then -A is a co- 
factoral matrix over K. 

3. Cofactoral matrices of order 2. 

THEOREM 3.1. Let A be a 2 by 2 matrix over K. Then A is cofactoral if and only 

if A is of theform A= [gb 

Proof. 

A = a1l a12 cof A - a22 -a21 
a2, a22 -a12 all 

This content downloaded from 194.27.18.18 on Fri, 01 Jan 2016 02:49:22 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


144 MATHEMATICS MAGAZINE [May-June 

Thus (A =cof A) =a,,=a22; a12= -a2l. 
The following corollaries may be easily verified. 

COROLLARY 3.2. Every 2 by 2 skew symmetric matrix over K is a cofactoral ma- 
trix. 

COROLLARY 3.3. The set of 2 by 2 real cofactoral matrices forms a field with re- 
spect to matrix multiplication and addition, which is isomorphic to the field of com- 
plex numbers. 

COROLLARY 3.4. The set of 2 by 2 cofactoral matrices over K is closed under 
matrix addition and multiplication. 

COROLLARY 3.5. If A and B are 2 by 2 cofactoral matrices over K, then AB = BA. 

THEOREM 3.6. The set of all 2 by 2 cofactoral matrices over K forms a commuta- 
tive ring with unity. 

Proof. This theorem follows immediately from Corollaries 2.10, 3.4, 3.5, and 
Theorems 2.1 and 2.2. 

THEOREM 3.7. The ring of 2 by 2 cofactoral matrices over afield K is isomorphic 
to the ring K[xl/(x2+1). 

Proof. The elements of K [X]/(X2+1) are of the form [(ax+b)]. The corre- 

spondence of [b a 
]->[(ax+b)] is the desired isomorphism. 

THEOREM 3.8. The characteristic values of a 2 by 2 cofactoral matrix (aij) over 
K are al1 ? ia12 (where K is the field of complex numbers). 

Proof. By Theorem 3. 1, A -XIJ = 0 becomes X2-2ajjX + (a21 +a22) 0 and 
the conclusion follows from the quadratic formula. 

4. Real cofactoral matrices. 

THEOREM 4.1. If A is a real cofactoral matrix, then either A is nonsingular or A 
is the null matrix. 

Proof. By Theorem 2.3, A | = =(aij)2 (j= 1, n). Therefore, since A 
is a real matrix, I A | 0 if and only if aij = 0 for each entry aij. 

THEOREM 4.2. If A is a nonzero, real cofactoral matrix of order n #2, then 
JAI =1. 

Proof. By Theorem 4.1, A is nonsingular. Thus A adj A = A I. By Theorem 
2.4, AAT=IAII, whence IAATI =IAIn or 1AT2=uAsn. T1US )AIn-2=1. By 
Theorem 2.3, A l > O. Therefore if n 2, JAl =1. 

THEOREM 4.3. If A is a nonzero real cofactoral matrix of order n 0 2, then A is an 
orthogonal matrix. 

Proof. By Theorem 4.1, A is nonsingular and by Theorem 2.5, A-' =AT/I A l. 
The result now follows from Theorem 4.2. 
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Note. Because the deternminant of an orthogonal matrix may be -1, the con- 
verse of Theorem 4.3 is not valid. 

THEOREM 4.4. If A is an n by n orthogonal matrix and if I A =1, then A is 
cofactoral. 

Proof. AT=A-1=adj A/IJA I =adj A. The result now follows from 
Tlheorem 2.4. 

THEOREM 4.5. T-he set of nonzero, real cofactoral matrices of order n, forms a 
grozup under matrix multiplication. 

Proof. Let A be a nonzero, real cofactoral matrix. By Theorem 4.1, A-' exists 
and by Theorem 2.7, A-' is cofactoral. The result now follows from Theorem 2.6. 

THEOREM 4.6. In the multiplicative grozup of nonzero, real, cofactoral matrices 
(n 5 2), the symmetric matrices are the elements of order 2. 

Proof. Let A be a symmetric matrix in the group. Then A-' = (cof A)T/J A l 
= (cof A)T=AT=A. Let B be in the group and suppose B2=1. Then B=B- 
= (cof B)T=BT. 

The authors wish to thankl Professors Hugh Campbell and Peter Fletcher for their guidance 
and assistance in the preparation of this paper. 

A NOTE ON SUMS OF SQUARES OF CONSECUTIVE ODD INTEGERS 
J. A. H. HUNTER, Toronto 

In his paper, Sums of squares of consecutive odd integers, Brother Alfred [1] 
is led to the equation 

(1) X2- = -(n2 -1)73, 

with n f 0 (mod 3). He proves certain theorems giving various sets of values of 
n, for which (1) has no solution. We prove here an additional theorem giving 
another set of values of n for which (1) has no solution. 

THEOREM. If (n2-1)/3 = p2r+lM where p is a prime with p -1 (mod 4) 
and M an integer not divisible by p, then (1) has no solution if n --1 (mod p). 

Proof. Since an odd power of p divides (n2-1)/3, it follows that x2-ny2 
-0 (mod p) for some integers x and y, neither one of which is divisible by p. 
Using the fact that ny2= -y2 (mod p), we have x2-ny2-=x2+y2=0 (mod p), 
which is impossible for p_ -1 (mod 4). 

Reference 
1. Brother U. Alfred, Sums of squares of consecutive odd integers, this MAGAZINE, 40 (1967), 

194-199. 

This content downloaded from 194.27.18.18 on Fri, 01 Jan 2016 02:49:22 UTC
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


DETERMINANTS, PERMANENTS AND BIPARTITE GRAPHS 
FRANK HARARY, University of Michigan 

The combinatorial properties of a nonnegative matrix M are captured by 
t binary matrix A =A (M) in which the entries are 1 whenever those of Al1 
positive. The entries of a binary matrix are 0 or 1. If A is a square matrix, 
n it can be regarded as the adjacency matrix of a directed graph (digraph). 
4 is rectangular a bipartite graph (bigraph) can be associated with A; of 
.rse this can also be done for A square. The determinant of the adjacency 
trix of a graph of digraph has been expressed in terms of its structure, and so 
the permanent. Our objects are: 
(1) to express the permanent of a square or rectangular binary matrix in 
ms of the associated bigraph; 
(2) to formulate the determinant of a square matrix in terms of its bigraph. 

1. Nonnegative matrices, binary matrices, graphs, digraphs, and bigraphs. 
M= [mie] ?0 be a given nonnegative matrix. The binary matrix of M is de- 
fd as AA (M) = [ai ] where ais-1 when mij> 0; aii = 0 when mii=O. If A is 
quare matrix, nXn, then as noted in [1, 2, 3, 4, 5] it can be regarded as the 
acency matrix of that directed graph D =D(A) with n points (or vertices) 
V2, * * *v, U in which there is an arc (directed line) from vi to vi whenever 
= 1; see Figure 1. In the event that A is symmetric and has trace zero, the 
raph D (A) can also be considered as a graph; see [31. 

-1 0 0 1-X 2 

A= ~~~D(A) a 
V4 V3 

FIG. 1. A square binary matrix and its digraph. 

If A is a rectangular matrix, m Xn with m <n, then a digraph cannot be so 
ociated with A but another kind of graph can. A bipartite graph B, or bigraph 
brevity, has two sets of points U= {ul, * * *, zsum} and V= {v, . . . , vn4, 
h no line joining two points in the same set. Thus the bigraph of A is defined 
expected as that bigraph B =B(A) with point sets U and V in which ui and 
ire adjacent whenever aij =1. Of course a bigraph may also be associated 
h a square binary matrix in the same way. 

A=I 01 1 0 02 V3 

_1 0 0 1 I _ l3 
V 4 

V5 

FIG. 2. A rectangular matrix and its bigraph. 

146 
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2. Permanents and bigraphs. The permanent of a square matrix has been 
defined as: 

(1) per A = al.la2a2 . . . anan 

where the sum is taken over all permutations a = (a,, , an) of the set 
Nn= {1, 2, , n }. For a square binary matrix A, it was observed in [3] that 
per A can be expressed in terms of the digraph D(A). A linear subgraph of di- 
graph D is a spanning subgraph (on all the points of D) in which every point has 
both indegree and outdegree 1 (see [5 ] for digraph definitions). Then per A is the 
number of different linear subgraphs of D(A). This is clearly only a rephrasing 
of (1). 

The next remark, although elementary, does not appear to have been made 
in the literature. A 1-factor of a graph G, or briefly a factor (since it is the only 
kind of factor we will consider), is a spanning subgraph of G in which every point 
has degree 1. Clearly there is a 1-1 correspondence between the linear sub- 
graphs of the digraph D(A) and the factors of the bigraph B(A). Thus per A is 
the number of different factors of B(A). 

The permanent can also be defined for an mXn, m<n, rectangular matrix 
A; see Ryser [6], as the sum of the permanents of all its m Xm submatrices. If A 
is regarded as an incidence matrix with rows as sets and columns as elements, 
then it is well known that per A is the number of SDR's (systems of distinct rep- 
resentatives). 

U! z V1 

1l2 V., 

U3 V3 

U4 V4 

FIG. 3. The bigraph of matrix A of FIG. 1. 

We illustrate with Figure 3 which shows the bigraph B(A) of the matrix A 
of Figure 1. Since the line u3v2 is a connected component of B(A), it must occur 
in every factor of B(A). We show in Figure 4 the bigraph B'=B(A) -U3-V2 and 
its three factors, verifying that per B(A) 3. 

B' Ft F2 F3 

Uf1 X V1 .-.*--\------- V3 

U42 X t>V4 

FIG. 4. The factors of a bigraph. 

3. Determinants and bigraphs. An expression for the determinant of the 
adjacency matrix of a graph or digraph was obtained in [3] in terms of the linear 
subgraphs and the number of even directed cycles in each. This was used in [1 I 
to derive a graph theoretic criterion for the equality per A = det A for a given 
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square binary matrix A. We now derive an expression for det A in terms of 
B(A) rather than D(A). The crossing number P(G) of a graph G has been defined, 
see [4], as the minimum possible number of intersections of pairs of edges when 
G is drawn in the plane. We modify this definition slightly for the present pur- 
pose. 

Let A be a square binary matrix and let B(A) be its bigraph with point sets 
U = { ui, * * * , u, } and V = { vi, * * * ,v, }. Let the factors of B (A) be F1, F2, 
The intersection number v(Fi) of a factor Fi of B(A) is the number of intersections 
of its edges when Fi is drawn with u1 above U2 above U3 . . . on the left and v1 
above v2 * on the right. With only a slight change in numbering, this is illus- 
trated in Figure 4, where v(Fl) = 1, v(F2) = 3, and v(F3) =2. 

THEOREM. The determinant of A is given by the crossing numbers of the factors 
of B (A) in accordance with 

(2) detA =- F) 
i 

Proof. It is only necessary to verify that for any factor F of B(A), the sign 
of the term in det A corresponding to F is (-1),(F). Using induction, if v(F) = O, 
then the term in det A must be a1l a22 ... a,, which is positive. For each in- 
crease in the crossing number v(F) by 1, exactly one transposition is juxtaposed 
to the corresponding permutation a which determines the sign of the term. 

Alternatively, the crossing number v(F) of the factor F is always equal to the 
number of "inversions" (deviations from increasing order) in the sequence 

1, i2, , in corresponding to the nonvanishing term ali, a2i2 . . . anin. 
Thus the bigraph of a square binary matrix leads to still another equivalent 

definition of the determinant of an arbitrary square matrix. 

The preparation of this note was supported in part by a grant from the U. S. Air Force Office 
of Scientific Research. 
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1. L. W. Beineke and F. Harary, Binary matrices with equal determinant and permanent, 

Studia Sci. Acad. Math. Hung., 1 (1966) 179-183. 
2. A. L. Dulmage and N. S. Mendelsohn, Graphs and Matrices, Chap. 6 in Graph Theory and 

Theoretical Physics, F. Harary, ed., Academic Press, London, 1967, pp. 167-227. 
3. F. Harary, The determinant of the adjacency matrix of a graph, SIAM Rev., 4 (1962) 
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ANSWERS 

A454. The trains cover 1/6+1/9 or 5/18 of the distance between the towns in 
one hour. Hence, they will meet at 10 + 18/5-12 or 1:36 p.m. 

A455. We have 

ti = (2ajak cos ai/2)/(aj + ak) 

< (2ajak)/(aj + ak) 

? (aj + ak?)/2. 

Also 1/ti> t (1/a1j+ 1/ak). The result follows. 

A456. The arithmetic mean-geometric mean inequality guarantees that: 

(A) 1 + x2 > 2x 

(B) x2 + x6 > 2X4 

(C) x6 + 4x8 > 4X7 

(D) 4x8 + 1 ? 4x4. 

Equality results in (A) only when x= 1 and in (C) only when x = 1/2. Summing 
(A), (B), (C), and (D) must, therefore, yield the strict inequality 

8x8 + 2x6 + 2x2 + 2 > 4x7 + 6x4 + 2x1 

which yields the desired conclusion. 

A457. fJ'o2 sin x dx is the area of the region bounded by the curve y = sin x and the 
lines x = w/2 and y =0. Rotating this region about the line y = x, the region is 
bounded by the curve y = arc sin x and the lines y = w/2 and x = 0. The area of 
this region is 7r/2 -fl arc sin x dx. Hence the result. 

(Quickies on page 164) 

BOOK REVIEWS 

PREPARED BY DMITRI THORO, San Jose State College 

BRIEF MENTION 
Essentials of Basic Mathematics. By A. J. Washington, H. R. Boyd, and S. H. Plotkin. 

Addison-Wesley, Reading, Mass., 1967. ix+292 pp. $7.50. 
Intended for students in technical or liberal arts programs as well as those needing a 

review or remedial proficiency in secondary school mathematics. An informal and 
intuitive approach is used. A 60-page instructor's guide is available. 

Elements of Mathematics. By B. E. Meserve and M. A. Sobel. Prentice-Hall, Englewood 
Cliffs, N. J., 1968. xi+303 pp. $7.95. 
The first chapter, "Explorations in Mathematics," affords the student an opportu- 

nity to make discoveries on his own. The pace is leisurely; however, there are chapters on 
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numbers, logic, geometry (including analytic geometry), mathematical structures, and 
probability and statistics. 

The Nature of Mathematics. By F. H. Young. Wiley, New York, 1968. xi+407 pp. $7.50. 
"The general purpose of the text is to leave the student with a knowledge of some of 

the aims, techniques, and results of mathematics and with an appreciation of the role of 
mathematics in the world today." Although the selection of topics is fairly traditional 
and the author avoids recreational mathematics, there are pertinent historical remarks 
and such embellishments as an application of simultaneous congruences, Huntington's 
postulates, and binary adders. The book ends with a brief introduction to computers. 

Mathematics: The Alphabet of Science. By M. F. Willerding and R. A. Hayward. Wiley, 
New York, 1968. xii+285 pp. $6.95. 
"The presentation is designed so that even persons who have had little or no high 

school mathematics. . . will have no trouble following the explanations." There are 
chapters on logic, number theory, groups and fields, probability and statistics, finite 
geometry, matrices, computers and numeration systems, and Fortran. Very attractive 
format. 

Stories About Sets. By N. Vilenkin. Academic Press, New York, 1968. xiii+ 152 pp. $6.50. 
This beautiful gem, translated from the Russian, explores the notion of cardinality 

and traces the evolution of such concepts as function, curve, surface, and dimension. In 
one chapter, "Remarkable Functions and Curves, or a Stroll through a Mathematical 
Art Museum," there are such delightful sections as "The Genie Escapes from the. 
Bottle," "Wet Points," "The Devil's Staircase," "A Prickly Curve," "Everything Had 
Come Unstrung," "The Great Irrigation Project." Included are numerous little anec- 
dotes and quotations; e.g., Hermite's remark written to Stieltjes: "I turn away in horror 
from this regrettable plague of continuous functions that do not have a derivative at 
even one point." One of the outstanding expositions of this decade! 

A Survey of College Mathematics. By D. R. Horner. Holt, Rinehart and Winston, New 
York, 1967. ix+308 pp. $6.95. 
This attractive survey for the nonscience student covers topics "chosen for func- 

tional reasons rather than esthetic whims." It starts with the rudiments of set theory, 
basic number systems, and logic, and terminates with analytic geometry, trigonometry 
and elementary calculus. 

Fundamental Mathematics. By B. K. Youse. Dickenson, Belmont, Calif., 1967. x-394 
pp. $8.95. 
The essential topics of algebra and trigonometry as well as an introduction to 

analytic geometry and calculus are presented in "the modern spirit." 

The Elementary Functions. By C. R. Fleenor, M. E. Shanks, and C. F. Brumfiel. Addison- 
Wesley, Reading, Mass., 1968. ix+293 pp. $6.95. 
Designed to provide the foundation for a standard course in calculus. "Since there is 

more than enough material for a one-semester course, selection can be made on the basis 
of student background." 

A Prelude to the Calculus. By M. W. Pownall. McGraw-Hill, New York, 1967. x+315 
pp. $6.95. 
This book is the outcome of summer workshops and courses preparing teachers to 

teach advanced placement calculus. "Its purpose is not merely to review high school 
mathematics, nor to give an extensive treatment of the elementary functions; rather, it 
is designed to provide the student with a solid foundation in certain concepts on which 
the calculus rests . . . " It contains a large number of examples, counterexamples and 
problems. 
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An Introduction to Analytic Geometry and Calculus. By A. C. Burdette. Academic Press, 
New York, 1968. xii+412 pp. $8.95. 
Written for a one-year course, meeting three times a week and presupposing a prepa- 

ration equivalent to three semesters of high school algebra and one semester of trigo- 
nometry. An essentially traditional treatment. 

Polynomials, Power Series, and Calcuilus. By H. Levi. Van Nostrand, Princeton, N. J., 
1968. viii+158 pp. $5.75. 
"This book is not intended for use as a text for the calculus course now generally 

given . . . , but rather as a text for a proposed replacement for that course." Considera- 
tion is given to current problems which arise from attempts to make simultaneous pro- 
vision for divergent professional needs of two groups of students. This indeed leads to a 
completely new first course in analysis. 

Infinite Series. By A. I. Markushevich. Heath, Boston, 1967. viii+ 188 pp. $4.95 (paper). 
A translation and adaptation of the third Russian edition of a book first published 

thirty years ago, it is intended "to help the young reader interested in mathematics to 
approach infinite series with the facility with which one handles polynomials by follow- 
ing the methods begun by Newton and Euler.... This book might be viewed as a 
mathematical narrative in which the binomial theorem plays the part of the hero." 

Basic Algebraic Systems: An Introduction to Abstract Algebra. By R. Laatsch. McGraw- 
Hill, New York, 1968. xii+224 pp. $7.95. 
Assumed as a prerequisite is the "maturity acquired by a student in a semirigorous 

calculus course." Suitable for a one semester course; contains 460 exercises and three 
appendices. 

Matrices and Linear Algebra. By H. Schneider and G. P. Barker. Holt, Rinehart and 
Winston, New York, 1968. ix+385 pp. $7.95. 
"In this book, written mainly for students in physics, engineering, economics, and 

other fields outside mathematics, we attempt to make the subject accessible to a sopho- 
more or even a freshman with little mathematical experience." 

An Introduction to Vector Functions. By J. A. Hummel. Addison-Wesley, Reading, Mass., 
1967. x+372 pp. $9.75. 
Intended for mathematicians, engineers, and physicists; emphasis is on concepts 

rather than examples. The style is formal, but ostensibly topics in vector spaces, linear 
transformations, determinants, matrices, functions of several variables, differentials, 
integration, an introduction to curves and surfaces, and vector analysis are presented at 
the sophomore-junior level. 

Teaching M1odern M1athematics in the Elementary School. By H. Fehr and J. M. Phillips. 
Addison-Wesley, Reading, Mass., 1967. xvi+448 pp. $7.95. 
Appropriate for a methods course for preservice elementary school teachers; included 

are chapters on enrichment topics and a comprehensive view of the elementary school 
mathematics program. This is a readable, relevant treatment of a much-neglected 
area. 

Mathematics for Elementary School Teachers: A First Course. By J. W. Armstrong. Har- 
per and Row, New York, 1968. xii+320 pp. $9.50. 
An algebraic treatment of the number concept; number systems are introduced in 

approximately the same order they are introduced in the elementary grades. It is as- 
sumed the book will be used as a text for a terminal course. 
Number Systems: An Elementary Approach. By J. R. Byrne. McGraw-Hill, New York, 

1967. xiii+291 pp. $6.95. 
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Can be used for courses of various lengths; effective use is made of color and mar- 
ginal notes. 

Introduction to Number Systems. By G. A. Spooner, and R. L. Mentzer. Prentice-Hall, 
Englewood Cliffs, N. J., 1968. x+339 pp. $7.95. 
A leisurely development with more than lip service paid to "modern" terminology. 

Guidelines for Teaching Mathematics. By D. A. Johnson and G. R. Rising. Wadsworth, 
Belmont, Calif., 1967. viii+446 pp. $6.95. 
This text appears to consist of a splendid mixture of nontrivial content and imagina- 

tive pedagogy. Excellent references, appendices, and the inclusion of often neglected 
topics (such as the role of computers) should be appealing to both the prospective and 
experienced secondary school teacher. 
NEW EDITIONS 
Plane Trigonometry, 2nd ed. By N. 0. Niles. Wiley, New York, 1968. xv+282 pp. $5.95. 

The chapter on vectors and complex numbers has been revised, logarithmic and ex- 
ponential equations have been added and nearly all of the computational problems have 
been changed; more challenging problems and "theory" problems have been added. 

Introductory Algebra, 2nd ed. By M. D. Eulenberg and T. S. Sunko. Wiley, New York, 
1968. xi+317 pp. $6.50. 
Sections on inequalities, rational and real numbers have been added. 

Elementary Algebra for College Students, 2nd ed. By I. Drooyan and W. \Vooton. Wiley, 
New York, 1968. x+302 pp. $6.95. 
Functional use is made of a second color and new problems have been added. 

College Algebra, 2nd ed. By A. Leonhardy. Wiley, New York, 1968. xiii+468 pp. $7.95. 
Introduction to Algebra for College Students. By W. A. Rutledge and S. Green. Prentice- 

Hall, Englewood Cliffs, N. J., 1968. x+310 pp. $7.50. 
Concepts and notation of sets and set operations are introduced in the first chapter. 

PROBLEMS AND SOLUTIONS 

EDITED BY ROBERT E. HORTON, Los Angeles Valley College 

Readers of this department are invited to submit for solution problems believed to be new 
that may arise in study, in research, or in extra-academic situations. Proposals should be ac- 
companied by solutions, when available, and by any information that will assist the editor. 
Ordinarily, problems in well-known textbooks should not be submitted. 

Solutions should be submitted on separate, signed sheets. Figures should be drawn in 
India ink and exactly the size desired for reproduction. 

Send all communications for this department to Robert E. Horton, Los Angeles Valley 
College, 5800 Fulton Avenue, Van Nuys, California 91401. 

To be considered for publication, solutions should be mailed before October 1, 1969. 

PROPOSALS 

725. Proposed by W. J. Blundon, Memorial University of Newfoundland. 

Prove that for every triangle ABC, 
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(sin A+sin B+sin C)/sin A sin B sin C4_a 

with equality only for the equilateral triangle. 

726. Proposed by Willy Enggren, Copenhagen, Denmark. 

Solve the following cryptarithm: 

T H E 
E A R T H 
V E N U S 

S A T U R N 
U R A N U S 

N E P T U N9 E 

727. Proposed by John E. Prussing, University of California, San Diego. 

a] What is the range of positive values of x such that for a given x, the only 
positive value of y which satisfies the equation yX = xy is the trivial solution y = x? 

b] For those positive values of x for which nontrivial positive solutions for y 
exist, how many solutions are there? 

c] If a value of x is selected at random from the open interval (0, e), what is 
the probability that a nontrivial solution for y lies in the same interval? 

728. Proposed by G. L. N. Rao, J. C. College, Jamshedpur, India. 

Find the sum of the infinite series: 

x-2 2x2-4 4X4-8 
++ 

x2-x + 1 x4-2 +1 x8-x4 + 1 

when lxi >1. 

729. Proposed by T. J. Burke, R.C.A. Moorestown, New Jersey. 

Prove that for any set of real numbers {Ti}, (i=1, 2, . .. n) , 

n 

E cos (Tk- Tj) ? 0. 
k,j=l 

730. Proposed by Mannis Charosh, New Utrecht High School, Brooklyn, New 
York. 

Prove that all rhombuses inscribed in a given rectangle are similar. 

731. Proposed by Santosh Kumar, Ministry of Defense, New Delhi, India. 

a] Express a factorial polynomial of degree n, the coefficients of which are 
taken as the coefficients in the expansion of (1 +x)n, as an ordinary power poly- 
nomial and prove that the sum of the coefficients of this ordinary power polyno- 
mial is (n + 1). 

b] Assuming binomial coefficients of a factorial polynomial of degree n, 
prove that the factorial polynomial behaves simply as the factorial function of 
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the same degree with respect to the difference operator A. 

732. Proposed by Douglas Lind, University of Virginia. 

Form the decimal number x = xO.x1x2x3 * as follows. Let x0 = 1 and x. be 
the least positive remainder upon division by 9 of xo+x1+ +x.-I. Show 
that x is rational. 

SOLUTIONS 

Late Solutions 

B. McAMiIlan, Morgan State College, Maryland: 698, 700, 703, 704; Huseyin Demir, Middle 
East Technical University, Ankara, Turkey. 699, 702, 703. 

A Recurrence Relation 

690. [March and November, 1968] Proposed by J. M. Gandhi, University of 
Alberta, Cantada. 

Prove that 

ij!/(j- w 
j=o i=O 

0! 0 0 . . . 0- 

1! + () o 

- 2! -(~).1 +2)( 

(y-2)! - - - 

(1y -1) -lr(' +(+e17 71 

Solution by E. P. Starke, Plainjield, New Jersey. 

We study first Sj- =o i!/(j-i)!, noting that S0 1, Sj=j Sj1+S0. Now 
consider 

Tn 
O 

Snj 
j==o 

Replace each Sk by k Sk,_+So (k = 1, 2, . . n) and collect terms as follows: 

En ? (-fli(nt- j) ()Sn__ 
+ 

So E (_1 ()Y 
j=0o j=o 

n-I E (1 
=n E )J\" + So(1 -1>) = znT-l + 0. 
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Since To-SO = 1, we have 

(2) Ti == 

Let F,1+= =0 Sj, which can be put 

F,y+1 E (Y )E (_ l)k ( ) Sy-j_.k^ 
-=O o k=Ok 

l 
( + 1) T y( + 1 e_j 

j=0 i j=o I 

Thus, for the left menmber of the proposed equation we have 

(3) F7 ( -j- 1)! 
j=o 0 

Let DI be the determinant as printed. Expand according to the elements of 
the last column, to get 

D (7y )D71?e _ )A, y>1. 

Expanding A similarly, we have 

D ( 1) Dy- (Y - 2) D-2 + A! 

Continuing in the same fashion we reach at last 

7Y-1 l 

(4) Dy = E (-') Dys + (e-1)! 

Now consider the j equations (4) for y =1, 2, , j. 

Di = 0! 

/2\ 
D2 = Di+ 1! 

D3 = D2-! D + 2 D! 

D4 = ()D3- ) D2 + ( i) (j + 3 1 

. *.* * *.* *. * . . . . . . . . . . . . .. . .................... . . 

Dj 
1 Dj_l 

- 
Dj 

2) 
. . . 

+ ) ( ~-l21a D2 + (-l)(i DJ + (j-1)!I 
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Multiply the equation for Dk by ({) and add. All terms cancel except Dj and the 
terms involving factorials. We have 

Dj= (j-1) ! + (j - 1(i2) ! + ( 2) (j -3) ! + 

+ ( 1! + 0! + 

By (3) and (5) we have D= Fz, and the proof is complete. 
It may be worth noting that, making use of the known relation: 

E -)i() (-)3( ) 

we can add successive columns beginning at the right (but leaving the first un- 
touched) and repeat the process a sufficient number of times to put D, in the 
following form, from which (5) is evident: 

0! -1 0 0 0 * 0 0 
1! 0 -1 0 0 0. 0 

2! 0 0 -1 0 *. 0 

3! 0 0 0 -1 ... 0 
D'= 

('y-2)! 0 0 0 0 * -1 

('Y- 1) !(1(2(3(4 (e ) 
Comments and solutions also submitted by Arnold Hammel, Central Michigan University; 

C. B. A. Peck, State College, Pennsylvania; Stephen Spindler, Purdue University; and the proposer. 

A Square Array 

705. [November, 1968] Proposed by Max Rumney, London, England. 

Devise a method and a proof for the method of placing the natural numbers 
1 to n2 in a square array n bynso that: (a) the column sums_O (mod n2+ 1), (b) 
the differences of the products of the extreme numbers of the diagonals of every 
square in the array_ 0 (mod n2+ 1), and (c) the difference of the products of any 
two rows_O (mod n2+1). 

Solution by the proposer. 

Let m2+1 equal the prime number p. Then if q is a primitive root mod p, the 
power residues mod p in the array below is the desired array: 

1 q q2 . . qn-1 

qn qn+l qn+2 . . .q2n-1 

gn (n- 1) . . . . qn2_1 
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Proof: 
a] The sum of the elements in any column is congruent to 

qr(l + qn + + qn(n-1)) qr(qn2 - 1)/(qn - 1) 0 

by Fermat's Theorem. 
b] Any such difference is congruent to qr .qS+t -q8s.qr+t O. 

c] Any such difference is congruent to 

qrn rn?1I . . . qrn+n-1 - qsniq n+1 . . . qan+n-lqrn2(1 . q. q2 . . . qnr 

- qsn2(1 q q q2 
. . . 

qn-1) 0 

since qn2-1 and so qsn2-qrn2_1 

It also follows easily that the determinant of the array 0 (mod p). 

A Strengthened Inequality 

706. [November, 1968] Proposed by Leon Bankoff, Los Angeles, California. 

In Problem 594 [this MAGAZINE, March, 1966] it was shown that 

AD + BE + CF ? 2R + 5r 

where R is the circumradius, r the inradius, and AD, BE and CF the altitudes 

of the triangle ABC. Strengthen this inequality by showing AD+BE+ CF 

< 2R+4r+2r2/R. 

Solution by L. Carlitz, Duke University. 

Let ha, hb, hc denote the altitudes of ABC, so that the stated inequality is 

2 
(1) ha +?hb?+ hc _-(R + r)2. 

R 

Since ha = 2R sin : sin y = bc/(2R), (1) may be replaced by 

(2) bc + ca + ab _ N(R + r)2. 

This result has been proved by J. Stenig (Inequalities Concerning the Inradius 

and Circumradius of a Triangle, Elem. Math., 18 (1963) 127-131). Stenig proves 

also that bc+ca+ab_4r(5R-r), so that 

2r 
(3) ha+ hb+ h ?> 

- (5R-r). 

Stronger results can be obtained. We have (see W. J. Blundon, On Certain 

Polynomials Associated with the Triangle, this MAGAZINE, 4 (1963) 247-248), 

(4) bc + ca + ab=r2 + S2 + 4Rr. 

Using (4), Blundon (Inequalities Associated with the Triangle, Canad. Math. 

Bull., 8 (1965) 615-626) has proved the inequalities 

2?2 + 14Rr - 2(R - 2r)(R2 - 2Rr)112 < bc + ca + ab 

? 2R2 + 14Rr + 2(R - 2r)(R2 -2Rr)112. 

Hence 
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R + 7r - (R - 2r)(R2- 2Rr)1"2/R < ha + hb + hk 

< R + 7r + (R - 2r)(R2 - 2Rr) 12/R. 

It is easily verified that (5) is indeed stronger than (1) and (3). 

Also solved by Joseph D. E. Konhauser, Macalester College; and the proposer. 

Dissection into Squares and Equilateral Triangles 

707. [November, 1968] Proposed by Joseph Malkewitch, University of Wisconsin. 

For what values of k is there a convex polygon with k sides which can be dis- 
sected into squares and equilateral triangles which have the same length of side? 

Solution by Michael Goldberg, Washington, D. C. 

The only angles which the convex polygon can have are 600, 900, 1200 and 
150?. They are made of one or more of the angles of the triangle and the square. 
The greatest number of sides is obtained when only the largest angle is used. If 
all the angles are 1500, then the number of sides is 12. 

All smaller values of k are also possible. Examples for all the cases are showln 

in the figure. For some values of k, more than one polygon is shown. Note that, 
except for k = 11, the polygons shown are equilateral. 

Of course, each component square or triangle can be decomposed into smaller 
squares and triangles with equal edges. 

If we assume that each dissected polygon must contain at least one equilat- 
eral triangle and at least one square, we eliminate the figures with k =3, 4 and 
the second figure with k =6. In addition, if we restrict the length of the sides of 
the polygon to be the same as those of the squares and equilateral triangles, we 
eliminate k =11. 

k=3 k-4 k=4 k=5 k=6 k=6 k=7 

k=8 k=9 }k=10 k=11 k-12 

Also solved by Ned Harrell, Los Altos, California; James R. Kuttler, Johns Hopkins Applied 
Physics Laboratory; T. P. Lin, San Fernando State College, California; Don N. Page, William Jewell 
College, Missouri; Bernard J. Portz, Jesuit College, Minnesota; Charles 1. Trigg, San Diego, Cali- 
fornia; and the proposer. 
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A Trigonometric Sum 

708. [November, 1968] Proposed by Norman Schaumberger, Bronx Community 
College, New York. 

Prove that D = --I (n-k) cos (2 kr/n) =-n/2. 

I. Solution by J. F. Leetch, Bowling Green State University, Ohio. 

Consider the nth roots of unity, wk=cos (2k7r/n)+i sin (2kw/n), where 
n>landk=0, 1,2, ,n-1. Itiseasytosee that EkZ wk = 0 and t = sin 
(2kr/n) =0. Thus Ek-- cos (2kr/n) -1. Now let S= E (n-k) cos 
(2kr/n)= E -1 k cos (2kr/n), so 2S=n E,I1 cos (2k7r/n) =-n. Hence, 
S= -n/2. 

Ir. Solution by Joseph D. E. Konhauser, Macalester College, Minnesota. 

For n =2 the statement is trivially true, so assume n ? 3. Since cos 
(2wr(n-k))/n=cos (2rk/n), the sum S= k- (n-k) cos (2kr/n) may be 
xvritten as S=Sk--l k cos (2k7r/n), so that 2S=nEnI 1 cos (2k7r/n). Multiply- 
ing by 2 sin(2r/n), we obtain 4S sin(2r/n) = n cos (2kr/n) 2 sin (2r/n) 
-n l [sin 2r(k+1)/n-sin 2r(k-1)/n]=-2n sin (2r/n). For n > 3, sin 
(27r/n)X0, and S=-n/2. 

Also solved by Arlo D. Anderson, US Naval Research Laboratory; Donald Batman, Parsippany, 
New Jersey; Sister Marion Beiter, Rosary Hill College; Robert Bridgman, Mansfield State College, 
Pennsylvania; J. L. Brown, Jr., Ordnance Research Laboratory, University Park, Pennsylvania; 
Mannis Charosh, Brooklyn, New York; Michael Goldberg, Washington, D. C.; John E. Hafstromn, 
California State College, San Bernardino; Curtis Herink, North Central College, Illinois; Ignacio D. 
Herssein, Brooklyn, N. Y.; T. WT. Johnson and E. W7. Seaholm (Jointly) Birmingham, Michigan; 
Lew Kowarski, Morgan State College, Maryland; J. R. Kuttler, Johns Hopkins Applied Physics 
Laboratory; B. McMillan, Morgan State College Maryland; John J. Moore, Niagara University, 
N. Y.; R. A. Moore, Oswego N. Y.; Don N. Page, William Jewell College, Missouri; Henry S. 
Lieberman, Newtonville, Maine; Charles Linett, Bowne High School, Flushing, New York; Kim R. 
Penrose, Rocky Mountain College; Henry J. Ricardo, Yeshiva University; S. Rohde, Lehigh Uni- 
versity; Nathan Rubinstein, Johns Hopkins Applied Physics Laboratory; Edward F. Schmeichel, 
College of Wooster, Ohio; Stephen Spindler, Purdue University; E. P. Starke, Plainfield, New Jersey; 
Howard L. Walton, Decision Studies Group, Washington, D. C.; Kenneth M. Wilke, Topeka, Kansas; 
Gregory Wulczyn, Bucknell University; Kenneth L. Yocom, South Dakota State University; and the 
proposer. 

A Convex Body 

709. [November, 1968] Proposed by H. S. Hahn, West Georgia College. 

Consider a convex body every point of whose surface is at a distance r from 
the surface of a regular tetrahedron with edges of length one. Find its surface 
area and its volume. 

Solution by Joseph D. E. Konhauser, Macalester College, Minnesota. 

Let T be the given tetrahedron and let T, be the surface at distance r from T 
and enclosing T. First, consider the line segments of length r which are perpendic- 
ular to T and which, except for an endpoint on T, lie outside T. These line seg- 
ments form four triangular prisms each having a face of T as base and an alti- 
tude of length r. The total volume of the four prisms is equal to the surface area 
of T (which is a/3) times r. 
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Second, consider the line segments of length r which are perpendicular to an 
edge of T and which, except for an endpoint on T, lie outside T. These segments 
form six portions of solid circular cylinders of unit length whose volume is 
2 ( -60)r2, where 0 = Arccos 1/3 is the measure of the dihedral angles of T. 

Finally, consider the line segments of length r which lie outside T except for 
an endpoint at a vertex of T and which are not already considered above. These 
line segments can be fitted together to form a solid sphere of radius r with vol- 
ume 4rr3/3. 

The total volume bounded by T, is therefore (A/2/12) +r-\'3+3 (7r-Arccos 
1/3)r2+47rr3/3, where -\/2/12 is the volume bounded by T. 

The surface area of T, is -v3+6 (ir-Arccos 1/3) r+4wxr2. 
If r is less than aV6/12, the inradius of T, and if the line segments are taken 

interior to T, then T, is a regular tetrahedron with inradius -\/6/12 -r and 
bounds volume 8-\/3 (-\/6/12-r)3 and has surface area 24A/3 (-\/6/12-r)2. 
Generalizations of these results to convex bodies were known to Steiner and 
Minkowski. 

Also solved by Michael Goldberg, Washington, D. C.; James R. Kuttler, Johns Hopkins Applied 
Physics Laboratory; B. McMillan, Morgan State College, Maryland; Don N. Page, William Jewell 
College, Missouri; Nathan Rubinstein and James T. Stadter (Jointly), Johns Hopkins Applied 
Physics Laboratory; and the proposer. 

Division Without Given Digits 

710. [November, 1968] Proposed by J. A. H. Hunter, Toronto, Canada. 

Solve the "no given digits" puzzle noting the decimal points and the repeat- 
ing decimal in quotient. 

x x x x )x *x x x x (*xX x x x x x~ 
x *x x x x 

x x x x x 

x x x x x 

x x vS x 

x x x x 

x 

Solution by Charles W. Trigg, San Diego, California. 

From the structural details of the long division, it is clear that the period of 
the repeating decimal has the form OOOabOc. Since a repeating decimal is a geo- 
metric progression with infinitely many terms, we have 

xI xxxx xxxxx O.OOOabOc ab0c ab0c 

xxxx xxxxOOOO 1 - (0.1)7 9999999 9 (239) (4649) 

The last four x's of the original dividend must each be zero, so d/xxxx 
=abOc/(9) (239) (4649). Now ab0c cannot be a multiple of 4649, hence xxxx 
-4649. Then 2151(d) =abOc, whereupon d = 2 or 4. But in the division 4/4649, 
the difference from the second subtraction has three digits, so the unique recon- 
struction is 
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4649) 2.0000 (0.0004302 
1 8596 

14040 
13947 

9300 
9298 

2 

Also solved by E. P Starke, Plainfield, New Jersey; Kenneth M. Wilke, Topeka, Kansas; and 
the proposer. 

A Product of Sums 

711. [November, 1968] Proposed by Thomas Shewczyk, University of Wisconsin 
at Waukesha. 

If the numbers a1, a2, , an are positive, then show that 

( ai)( E -) > 2 

i=l i=l ai 

I. Solution by W. Moser, McGill University. 

For any permutation bi, b2, , bn of a1, a2, . . ., an 

( E In > IT as= 1 or E-_ n. 
j=1 b, i1 i1 bi i=l bi ~i=1 bi i= b 

/n \ /n 1 \ n-1 n a. n-1 

Hence (taking subscripts mod n) q2 ai) ( - = = 

1 1 ai k=O i=l ai+k k=O 

II. Solution by Michael Goldberg, Washington, D. C. 

Let x +y =k. Then, I Ix + 1 /y is minimized when x = y = k/2. Hence, the left 
member of the given relation is reduced when two unequal members of the ai are 
each replaced by their arithmetic mean. The least value occurs when all the 
members are equal. But, in that case, a1 = a2 = a3 = ... =an = ( jaj)/n, 
1/aj=n/Eaj, El/ai=n2/ Eai. and (Z:aj) (E1/a.) =n2. Hence, the given 
inequality is confirmed. 

III. Solution by Brother T. Brendan, St. Mary's College, California. 

It is evident that for n = 1, the relation holds. If for n = k it holds, then the 
product 

P=( ai + ak+l)(-+ ) k2 + Z_+ E k+l + 
- i=l ~~~~i=l ai akk+11 i=l ak+1 i=1l ai 

where each of the k numbers ai/ak+1 can be paired with the corresponding num- 
ber ak+1/aj to give, by a well known result, a sum_?2. Hence p ?k2+2k+1 
- (k + 1)2 and so, by induction, the relation is established. 
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IV. Solution by John M. Howell, Los Angeles City College. 

If we multiply ( I ai) ( , 1/ai) we obtain n2 terms of which n would be 
unity since they are ai/ai. Then there would be (n2 -n)/2 terms which could be 
paired: ai/aj+aj/ai. That is the sum of a number and its reciprocal which is 
greater than or equal to 2. Thus 

( E ai)( l iiai) n + ( 2-) (2) - . 

The equality holds if and only if each as= 1. 

V. Solution by John E. Hafstrom, California State College, San Bernardino. 

By the Schwartz inequality, we have 

ai)( i= ai) ( iVai)( =(1/Vai)2 

V_a )Va =1 12. 

References or solutions were also submitted by Leon Bankoff, Los Angeles, California; Donald 
Batman, Parsippany, New Jersey; Sister Marion Beiter, Rosary Hill College; Brother Thomas 
Bennett, Xavierian College, Maryland; TI7ray G. Brady, University of Bridgeport, Connecticut; 
Robert Bridgman, Mansfield State College, Pennsylvania; Gary L. Britton, University of Wisconsin in 
West Bend; Bruce A. Broemser, University of California at Berkeley; John L. Brown, Jr., Ordnance 
Research Laboratory, University Park, Pennsylzvania; Mannis Charosh, Brooklyn, N. Y.; Santo M. 
Diano, Philadelphia, Pennsylvania; Fred Ficken, New York University; Robert J. Herbold, Procter 
and Gamble Company, Cincinnati, Ohio; Curtis Herink, North Central College, Illinois; James C. 
Hickman, University of Iowa; John E. Homer, Jr., Union Carbide Company, Illinois; Bruce W. 
King, Adirondack Community College, Glens Falls, New York; J. D. E. Konhauser, Macalester Col- 
lege, Minnesota (three solutions); Norbert J. Kuenzi, Iowa City, Iowa; James R. Kuttler, Johns 
Hopkins Appliwd Physics Laboratory; Henry S. Lieberman, Newtonville, Maine; Charles Linett, 
Bowne High School, Flushing, New York (two solutions); Peter A. Lindstrom, Genesee Community 
College, Batavia, New York; B. McMillan, Morgan State College, Maryland; John J. Moore, Niagara 
College, N. Y.; R. A. Moore, Oswego, N. Y.; Don N. Page, William Jewell College, Missouri; Frank 
J. Papp, University of Delaware; C. B. A. Peck, State College, Pennsylvania; Kim R. Penrose, 
Rocky Mountain College; Willis B. Porter, New Iberia, Louisiana; John E. Prussing, University of 
California at San Diego; Kenneth A. Ribet, Brown University; Henry J. Ricardo, Yeshiva Univer- 
sity; Nathan Rubinstein, Johns Hopkins Applied Physics Laboratory; Edward F. Schmeichel, College 
of Wooster, Ohio; E. P. Starke, Plainfield, New Jersey; Zalman Usiskin, Ann Arbor, Michigan; 
Julius Volpe, Newark, N. J.; Howard L. Walton, Washington, D. C.; Gregory Wulczyn, Bucknell 
University; K. L. Yocom, South Dakota State University; Sze-Chung Yuan, Lakehead University, 
Canada; and the proposer. 

The problem was found in Geometric Inequalities, by Kazarinoff, Inequalities, by Korovkin, 
The USSR Olympiad Problem Book, and in The Pleasures of Mathematics, by Goodman. 

Comment on Problem 680 

680. [January and September, 1968] Proposed by Huseyin Demir, Middle East 
Technical University, Ankara, Turkey. 

Let E be an ellipse and t', t" be two variable parallel tangents to it. Consider 
a circle C, tangent to t', t" and to E externally. Show that the locus of the center 
of C is a circle. 
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Comment by A. W. Walker, Toronto, Canada. 

Many interesting properties of an ellipse are associated with its so-called 
Chasles circles of radius a ? b concentric with the ellipse. If the center of the 
variable circle C lies on the inward normal, its locus is the inner Chasles circle. 
The result in Problem 680 was established by Mannheim, Nouvelles Annales de 
Math., 4, 3, (1903) 483, and is equivalent to the following old Japanese theorem 
(Iwata, 1862): 

If an ellipse touches externally two equal nonoverlappingfixed circles and their 
parallel common tangents, the sum of its major and minor axes is equal to the dis- 
tance between the centers of the circles. 

See Tohoku Miath. J., (1), 11, (1.917) 65, where with rather obscure justifica- 
tion, it is asserted that the theorem is untrue! 

Comment on Q411 

Q411. [May, 1967] Show that the sum of two successive odd primes is the prod- 
uct of at least three (not necessarily distinct) prime factors. 

[Submitted by John D. Baum] 

Comment by Charles W. Trigg, San Diego, California. 

3+5 =23. If the primes are greater than 3, then (P1+P2)/2 is not only even 
but is divisible by 3, SO P1+P2 is divisible by 12. (Cf. Problem 652, November, 
1967, Page 282.) 

Comment on Q440 

Q440. [November, 1968] A lady made three circular doilies with radii of 2, 3, 
and 10 inches, respectively. She placed them on a circular table so that each doily 
touched the other two. If each doily also touched the edge of the table, what was 
its radius? 

[Submitted by Walter W. Howard] 

Comment by Leon Bankoff, Los Angeles, California. 

Curiously enough, the three doilies can be rearranged so as to cover an en- 
tire diameter of the table. An infinite number of cases exist in which the particu- 
lar method of solution given in A440 can be applied, and again, in each case, the 
three doilies can be rearranged to cover a diameter of the table. Several other 
examples of this special situation are: (3, 2, 1), (21, 4, 3), (36, 5, 4), etc., ad 
infinitum. The formula for generating combinations of three radii yielding this 
curious result is n, (n+1), n(2n+1), where n is any positive integer. In each 
case, the circumscribing circle has a radius equal to the combined radii of the 
three smaller circles. 

To unravel the apparent mystery behind this phenomenon, consult arti- 
cles by M. G. Gaba and by Victor Thebault, in the American Mathematical 
Monthly, January 1940, pp. 19-24, and November, 1940, pp. 640-642. 

Comment on Q442 

Q442. [November, 1968] E. T. Bell ("Men of Mathematics") relates an amus- 
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ing story of Descartes assigning his pupil, Catherine the Great, the famous Ap- 
pollonian problem of constructing a circle tangent to three given circles. To vent 
his hidden contempt for her scholarly pretensions, he neglected to warn the poor 
girl that synthetic geometry should be used. She used his new analytic geometry 
and, supposedly, was led into a trap, the required solution of three simultaneous 
quadratics. On the contrary, show how an easy triumph was possible. 

[Submitted by Charles E. Maley] 

Comment by Leon Bankoff, Los Angeles, California. 

It is easy to prove that Descartes' contempt for Catherine the Great was 
entirely unjustified. 

Proof. Descartes was born in 1596 and died in 1650. Catherine the Great was 
born in 1729 and died in 1796. 

Note. The royal personage mentioned in Bell's anecdote (Page 48) was Prin- 
cess Elizabeth of Bohemia. Some eminent scholars do not concur with Bell's 
disparaging interpretation of Descartes' opinion of Elizabeth. The Princess was 
Descartes' favorite disciple. Her friendship and correspondence with the great 
man continued until the time of his death. 

QUICKIES 
From time to time this department will publish problems which may be solved by laborious 

methods, but which with the proper insight may be disposed of with dispatch. Readers are urged 
to submit their favorite problems of this type, together with the elegant solution and the source, 
if known. 

Q454. Two trains start at 10 a.m., one going from Brownsville to Jamestown, 
and the other from Jamestown to Brownsville. The first train takes 6 hours and 
the second takes 9 hours for the trip. Each travels at a constant rate with no 
stops. At what time of the day will the trains meet each other? 

[Submitted by Charles W. Trigg] 

Q455. Let ti be the angle bisectors of a triangle A1A2A3. Show that 3=1l/ti 
> =l11/ai and that 3= 1t < E= 1a. 

[Submitted by Simeon Reich, Israel] 

Q456. For each real x prove that 

4xs - 2x7 + x6 - 3x4 + x2 - X + 1 > 0. 

[Submitted by Erwin Just] 

Q457. Without evaluating either of the following definite integrals show why 
f ir2 1rl 

sin xdx = 7r/2- arc sin xdx. 

[Submitted by Peter A. Lindstrom] 

(Answers on page 149) 
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ANSWERS 

A454. The trains cover 1/6+1/9 or 5/18 of the distance between the towns in 
one hour. Hence, they will meet at 10 + 18/5-12 or 1:36 p.m. 

A455. We have 

ti = (2ajak cos ai/2)/(aj + ak) 

< (2ajak)/(aj + ak) 

? (aj + ak?)/2. 

Also 1/ti> t (1/a1j+ 1/ak). The result follows. 

A456. The arithmetic mean-geometric mean inequality guarantees that: 

(A) 1 + x2 > 2x 

(B) x2 + x6 > 2X4 

(C) x6 + 4x8 > 4X7 

(D) 4x8 + 1 ? 4x4. 

Equality results in (A) only when x= 1 and in (C) only when x = 1/2. Summing 
(A), (B), (C), and (D) must, therefore, yield the strict inequality 

8x8 + 2x6 + 2x2 + 2 > 4x7 + 6x4 + 2x1 

which yields the desired conclusion. 

A457. fJ'o2 sin x dx is the area of the region bounded by the curve y = sin x and the 
lines x = w/2 and y =0. Rotating this region about the line y = x, the region is 
bounded by the curve y = arc sin x and the lines y = w/2 and x = 0. The area of 
this region is 7r/2 -fl arc sin x dx. Hence the result. 

(Quickies on page 164) 

BOOK REVIEWS 

PREPARED BY DMITRI THORO, San Jose State College 

BRIEF MENTION 

Essentials of Basic Mathematics. By A. J. Washington, H. R. Boyd, and S. H. Plotkin. 
Addison-Wesley, Reading, Mass., 1967. ix+292 pp. $7.50. 

Intended for students in technical or liberal arts programs as well as those needing a 
review or remedial proficiency in secondary school mathematics. An informal and 
intuitive approach is used. A 60-page instructor's guide is available. 

Elements of Mathematics. By B. E. Meserve and M. A. Sobel. Prentice-Hall, Englewood 
Cliffs, N. J., 1968. xi+303 pp. $7.95. 

The first chapter, "Explorations in Mathematics," affords the student an opportu- 
nity to make discoveries on his own. The pace is leisurely; however, there are chapters on 
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 Chicago Lectures in Mathematics

 The University of Chicago Press

 Fields and Rings

 Irving Kaplansky

 The Chicago Lectures in Mathematics series is a paperback series consisting of lec-

 ture notes on mathematics courses given at The University of Chicago. Fields and

 Rings is the second book in this series and combines in one volume the author's

 notes on "Theory and Fields," "Notes on Ring Theory," and "Homological Dimen-

 sion of Rings and Modules."

 1969 LC:69-15567 198 pages, Paper $2.50

 Topics in Ring Theory

 Israel W. Herstein

 The third book to be published in this series, Topics in Ring Theory, presents a

 complete discussion of the Lie and Jordan structures of simple associative rings

 and of such rings with involution. The results are applied to obtain associative

 theorems about the rings in question, and the mappings and derivations of these

 related structures are studied. A treatment of the Goldie theorems is given, and

 the decomposition in Noetherian rings is considered. The final chapter deals with

 three recent, famous examples: the Golod-Shafarevitch theorem, the Bergman left-

 not-right primitive ring, and Sasiada's example of a simple radical ring.

 1969 LC:69-17035 132 pages, Paper $2.50

 The Theory of Sheaves

 Richard G. Swan

 "The book represents a very useful text for those who wish to get familiar with

 the techniques of the theory of sheaves, which are now indispensable in topology

 as well as in analytic and algebraic geometry."-A. Deleanu, Revue Romaine de

 Mathematiques Pures et Appliquees.

 Contents

 Algebraic Preliminaries-Sheaves-Homological Algebra-The Cohomology of

 Sheaves-Some Classes of b-Acyclic Sheaves-The Sections of Sheaves

 Miscellaneous Results-Cech Cohomology-The Spectral Sequences-The Spectral

 Sequence of a Map-The Duality Theorems-Cup and Cap Products.

 1964 LC:64-24979 150 pages, Paper $2.75

 Tim UNIVERSITY OF CHICAGO PRESS, CHICAGO 60637
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 New editions of stuccessful ma thematics texts

 ELEMENTARY ALGEBRA: Structure and Skills
 Second Edition

 By IRVING DROOYAN, WALTER HADEL, and FRANK
 FLEMING, all at Los Angeles Pierce College.
 This modern, structure oriented, beginning algebra text has now
 been improved on the basis of three years of classroom use. The
 result is a textbook that is distinguished even more than its suc-
 cessful predecessor by emphasis on structure and unifying ideas,
 explicitly stated definitions, axioms, and theorems, strong treat-
 ments of inequalities and complex numbers, and attention to re-
 strictions on variables. An Instructor's Manual provides sets of
 test questions. 1969, 390 pages, $7.50

 INTERMEDIATE ALGEBRA
 Second Edition

 By ROY DUBISCH, University of Washington; and VERNON E.
 HOWES, American College in Paris. The substantial modernization of
 this successful text includes an introduction to sets, modern terminology,
 and greater attention to the logic behind algebra through axioms and
 proofs. 1969, 351 pages, $6.95

 ESSENTIALS OF MATHEMATICS
 Second Edition

 By RUSSELL V. PERSON, Capitol Institute of Technology. Provides
 the elementary mathematical background needed by students prepar-
 ing for any of the fields of technology. This edition offers improvements
 based on classroom use. 1968, 721 pages, $9.95

 ELEMENTARY ALGEBRA FOR COLLEGE STUDENTS
 Second Edition

 By IRVING DROOYAN and WILLIAM WOOTON, both of Los An-
 geles Pierce College. A very successful text that now, among other im-
 provements, uses color in this edition to increase the emphasis on how
 to perform operations and to set off new vocabulary and formal state-
 ments. 1968, 302 pages, $6.95

 INTRODUCTORY ALGEBRA: A College Approach
 Second Edition

 By MILTON D. EULENBERG and THEODORE S. SUNKO, both
 of Wilbur Wright College. New material on inequalities and the num-
 ber system have been added to the second edition of this carefully
 written textbook. 1968, 317 pages, $6.50

 PLANE TRIGONOMETRY
 Second Edition

 By NATHAN 0. NILES, U. S. Naval Academy, Annapolis. This new
 edition includes improved problems, new material on the definition of
 a function in terms of sets, more use of vectors, and an Instructor's
 Manual. 1968, 282 pages, $5.95

 JOHN WILEY & SONS, Inc.
 In Canada: John Wiley & Sons Canada Ltd.
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 New mathematics texts for your classes

 GEOMETRY AND ITS METHODS
 By JOHN N. FUJII, Merritt College, Peralta Junior College Dis-
 trict.

 A contemporary text based on a synthetic approach to Euclidean
 geometry, Professor Fujii's text is modern, integrated, and or-
 ganized for classroom use. Using carefully discussed processes of
 exact reasoning, he begins with a few postulates and establishes
 the concepts and facts of elementary geometry. Elementary plane
 geometry constitutes the core of the text with optional sections on
 further topics and solid geometry that are carefully integrated
 into the smooth development of the subject. More than 1,000 num-
 bered exercises and problems for every level of capability are in-
 cluded and an Instructor's Manual shows how to use the text in a
 wide range of geometry courses. 1969, 371 pages, $8.95

 CALCULUS FOR ENGINEERING TECHNOLOGY
 By WALTER R. BLAKELEY, Ryerson Polytechnical Institute, To-
 ronto. "I find his approach both refreshing and easily understood. It is
 my belief that example problems coupled with the diagram and ex-
 planation form a basis for sound understanding of the calculus found
 in few mathematical textbooks. . . . Mathematics, in the manner pre-
 sented by Mr. Blakeley, has been a long needed approach for the ap-
 plications oriented person in today's technology."-Professor Paul L.
 Kleintjes, California State College at Long Beach. 1968, 441 pages,
 $8.95

 ELEMENTARY LINEAR ALGEBRA

 By L. H. LANGE, San Jose State College. Provides an understandable
 first course on the theory of vector spaces and matrices, with introduc-
 tory comments on the theory of groups and other mathematical systems.
 The book features an unusually clear introduction to the simplex
 method of linear programming. 1968, 380 pages, $9.50

 MATHEMATICS: The Alphabet of Science
 By MARGARET F. WILLERDING, San Diego State College; and
 RUTH A. HAYWARD, General Dynamics, Convair Division. Just pub-
 lished and already over 50 colleges and universities are using this text.
 Here is one sample of the praise it is receiving: "One of the better,
 probably the best, book written in the last 50 years for the liberal arts
 students.... Simple, comprehensive, understandable and interesting."
 1968 285 pages, $6.95

 605 Third Avenue, New York, N. Y. 10016
 22 Worcester Road, Rexdale, Ontario.
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 INTRODUCTION TO MATHEMATICS
 FOR COLLEGE STUDENTS

 By KENNETH C. SKEEN and CHARLES W.
 WHEELER, Diablo Valley College.

 This text provides an extension of concepts
 and a review of skills for a basic course. Ex-
 position and exercises are spirally developed
 and reinforced with discovery-type problems.
 By Chapter 5, the working tools of a basic
 course are developed and the last three chap-
 ters are devoted to applications.

 424 pp., $7.95

 INTRODUCTORY COLLEGE
 MATHEMATICS WITH BUSINESS
 APPLICATIONS

 By KENNETH C. SKEEN, CHARLES W.
 WHEELER, and RALPH L. JOHNSON, Diablo
 Valley College

 This text provides a review of basic skills and
 essential foundations of practical mathematics.
 It also offers a comprehensive introduction to
 the applications of mathematics in business.
 The material covers the mathematical range
 and content of the pre-algebra courses prev-
 alent at the secondary level. The develop-
 mental exercises gives ample opportunity to
 improve computational skills through the mo-
 tivation of practical applications in personal
 finance. 456 pp., $8.50

 ELEMENTS OF PRE-CALCULUS
 MATHEMATICS

 By DANIEL M. DRIBIN, The George Wash-
 ington University.

 The primary purpose of this text is to provide
 a sound treatment of the material needed for
 the calculus, in one semester. The book covers
 the nature of the number and function con-
 cepts, the analytic geometry of the line in the
 plane, the elementary functions (algebraic,
 trigonometric, exponential and logarithmic)
 and their graphs, plane vectors, polar co-
 ordinates, and an introduction to the concept
 of differentiation. 274 pp., 162 illus., $6.95

 AN INTRODUCTION TO MATRICES
 AND LINEAR TRANSFORMATIONS

 By JoHN H. STAIB, Drexel Institute of Tech-
 nology.

 This book is introductory in nature and is
 designed primarily as a one-semester, sopho-
 more text in linear algebra for engineering and
 science students. The author has developed
 the material using a classroom style presenta-
 tion, with all its informality and experimenta-
 tion. Theoretical concepts are lavishly illus-
 trated both by examples and by computational
 type exercises that relate directly to the theory.

 336 pp., $8.95

 ELEMENTARY GEOMETRY
 FOR TEACHERS

 By MERLIN M. OHMER, F.T. Nicholls State
 College.

 The primary purpose of this book is to train
 elementary and junior high school teachers of
 mathematics. The book is also intended to be
 useful to teachers engaged in self-study pro-
 grams. It includes most of the topics recom-
 mended by CUPM for the Level I Geometry
 course and follows these recommendations
 very closely. 152 pp., $7.50

 ESSENTIALS OF ALGEBRA

 By Ross H. BARDELL and ABRAHAM SPITZ-
 BART, University of Wisconsin, Milwaukee.

 Designed to fill the requirements of the student
 who begins his college mathematics with in-
 adequate preparation, this book introduces
 algebra at a lower level and at a slower pace
 than in the usual college algebra course and
 brings the student in the span of one semester
 to the stage where he is prepared to continue
 in the study of mathematics. At each stage of
 the development, further material is intro-
 duced which may be properly studied with the
 principles presented up to that point.

 264 pp., $6.95

 Write for approval copies

 Addison-Wesley THE SIGN OF
 PUBLISHING COMPANY, INC.

 Reading, Massachusetts 01867
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 3 new basic texts for your classes ... from Prentice-Hall

 Alwin and Hackworth
 ALGEBRA-PROGRAMMED/PARTS I AND II

 By Robert H. Alwin and Robert D. Hackworth, both at St. Petersburg Junior
 College, Clearwater Campus, Florida. A programmed, extensively class tested
 wi-th much success, and self-contained within two volumes, this text de-
 velops the major concepts and skills of a first year algebra course that is
 truly individualized. The algebraic structure of the counting number is pre-
 sented first and includes the simplification of open expressions and the solu-
 tion of equations. Using the structure of the system of counting numbers, the
 integers and the rational numbers are each developed separately and their
 developments are motivated by a desire to provide number solutions for
 linear equations. This development is followed by a study of polynomials,
 simultaneous linear equations (graphing -and algebraic solutions) and the
 solutions of quadratic equations.

 Part I: April 1969, approx. 448 pp., paper $7.25 (02206-1)
 Part II: April 1969, approx. 480 pp., paper $7.95 (02208-7)

 Meserve and Sobel
 INTRODUCTION TO MATHEMATICS

 2ND EDITION, 1969
 By Bruce E. Meserve, former president of the National Council of Teachers
 of Mathematics, University of Vermont and Max A. Sobel, Montclair State
 College. Emphasizing mathematical understanding and appreciation, the new
 second edition continues to introduce non-mathematics and non-science ma-
 jors to the basic concepts of modem mathematics. This edition contains a
 new chapter on logical concepts. The opening statements of each chapter
 have been expanded to clarify its objective to the student. The text's wide
 scope of topics makes it particularly useful in training prospective elemen-
 tary or junior high school teachers. The text assumes no prior knowledge of
 mathematics.

 April 1969, approx. 348 pp., $7.95 (48732-2)

 Mueller

 ELEMENTS OF ALGEBRA
 2ND EDITION, 1969

 By Francis J. Mueller. This revision of Intermediate Algebra by Mueler
 was designed to assist the student in gaining a functional competence with
 the basic tools of algebra. The non-mathematics major is led from rudi-
 mentary and basic arithmetic into college algebra. Coverage is complete
 even though the student may have some past experience in algebra, no
 previous knowledge is assumed. Contents: From Arithmetic to Algebra
 Elementary Operations First-Degree Equations and Inequalities Problem
 Solving by Equation Special Products and Factoring Fractions Exponents,
 Radicals, and Complex Numbers. Quadratic Equations and Inequalities.
 Graphic and Systems of Equations and Inequalities. Logarithms. Supple-
 mentary Units: Ratio, Proportion, and Probability. Progressions. Ele-
 ments of Set Theory. Binomial Theorem. Eipotential Equations. Measures
 of Central Tendency and Dispe-rsion. Answers to Odd-Numbered Problems.
 Index. Each chapter concludes with a comprehensive set of exercises.
 April 1969, 352 pp., $7.95 (26241-0)

 Orders are processed faster if tide code and title ap0pear on your Order

 For approval copies, write: BoX 903

 Prentice-Hall, Englewood Cliffs, NJ. 07632
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 outstanding mathematics
 texts from

 Goodyear Publishing Company

 A modern approach to mathematics

 ELEMENTARY COLLEGE ARITHMETIC
 by David A. Ledbetter, Pasadena City College

 Gives the student a solid foundation in arithmetic and prepares him for
 a course in algebra. The approach of the text is modern-it presents ideas
 geometrically and uses the number line extensively. Explains important
 terms in evenly paced lessons and presents problem material in simple
 language. G2735 approx. 320 pp. May 1969 $7.95

 Follows the structure of many elementary school mathematics programs

 MATHEMATICS FOR ELEMENTARY TEACHERS
 by Meridon Vestal Garner, North Texas State University

 The objective of this new text is to introduce to pre-service and in-service
 teachers the number system that children study in elementary grades.
 Encompasses whole numbers, rational numbers of arithmetic, integers,
 rationals, and the reals. Problems included are designed to clarify arith-
 metic concepts and to aid the teacher. in developing mathematical skills.
 G5849 approx. 416 pp. May 1969 $7.95

 A text in semi-programmed form

 INTRODUCTION TO MATHEMATICS
 by Charles N. Podraza, Harry C. Prall, Larry L. Blevins, and Arlys W. Hanson,

 all from Northeastern Junior College

 An introduction to mathematics, this basic text is designed for elementary
 school teachers, liberal arts majors, and students in vocational schools.
 Covers sets, basic arithmetic, and informal geometry. Written in semi-pro-
 grammed form, the solutions to the exercises are in the right hand margin.
 G4910 approx. 288 pp. April 1969 $8.50

 For approval copies write:

 GOODYEAR PUBLISHING COMPANY
 15115 Sunset Boulevard, Pacific Palisades, California 90272
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